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LOCALLY FINITELY PRESENTED AND COHERENT HEARTS
CARLOS PARRA, MANUEL SAORI´N, AND SIMONE VIRILI
Abstract. Given a torsion pair t = (T ,F) in a Grothendieck category G, we study when the
heart Ht of the associated Happel-Reiten-Smalø t-structure in the derived category D(G) is a
locally finitely presented or a locally coherent Grothendieck category. Since Ht is Grothendieck
precisely when t is of finite type (i.e., F is closed under direct limits), we first study the latter
torsion pairs showing that, as in modules, they are precisely the quasi-cotilting ones, that in turn
coincide with the cosilting ones.
We then prove that, for G chosen in a wide class of locally finitely presented Grothendieck
categories that includes the locally coherent ones, the module categories and several categories
of quasi-coherent sheaves over schemes, the heart Ht is locally finitely presented if, and only if,
t is generated by finitely presented objects. For the same class of Grothendieck categories, it is
then proved that if F is a generating class in G, in which case it is known that t is given by a
(1-)cotilting object Q, the heart Ht is locally coherent if, and only if, it is generated by finitely
presented objects and there is a set X ⊂ F ∩ fp(G) that is a set of generators of G and satisfies the
following two conditions:
(1) Ext1
G
(X,−) vanishes on direct limits of objects in Prod(Q), for all X ∈ X ;
(2) each epimorphism p :
∐
n
i=1
Xi ։ (1 : t)(M) := M/t(M), with the Xi in X and M ∈ fp(G),
has a kernel which is a direct summand of (1 : t)(N), for some N ∈ fp(G).
A consequence of this is that, when G = Mod-A is the module category over small pre-additive
category A (e.g., over an associative unital ring) and F is generating in Mod-A, the heart Ht
is locally coherent if, and only if, t is generated by finitely presented modules and, for each
M ∈ mod-A := fp(Mod-A), the module (1 : t)(M) admits a projective resolution with finitely
generated terms.
A further consequence is that if R is a right coherent ring and t = (T ,F) is a torsion pair
such that the torsion ideal t(R) is finitely generated on the right, then Ht is a locally coherent
Grothendieck category if, and only if, t is generated by finitely presented modules and it is given
by a cosilting module which is an elementary cogenerator in Mod-R.
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Introduction
t-Structures were introduced by Beilinson, Bernstein and Deligne [4] in their study of perverse
sheaves over an algebraic or analytic variety. A t-structure in an ambient triangulated category D
is a pair τ = (U ,W) of full subcategories satisfying some axioms (see Definition 2.1). The key point
is that the intersection H = U ∩ W , called the heart of the t-structure, is an Abelian category on
which the short exact sequences are the triangles in D with their three vertices in H. Moreover,
such an Abelian category comes with a cohomological functor H0τ : D −→ H, a fact which allows
the development of a sort of intrinsic (co)homology theory in D where the objects of (co)homology
are themselves objects of D. Under some nondegeneracy and boundedness hypotheses on τ , one can
even recovers the structure of D out from τ .
Once a new Abelian category is at hand, a natural question asks under which conditions such a
category is the nicest possible. Under the classical hierarchy on Abelian categories introduced by
Grothendieck [16], the so-called Grothendieck categories are high up in the list. In order to study
when the heart of a t-structure is a Grothendieck category, it is almost unavoidable to require that
D has (arbitrary set-indexed) coproducts. The problem has deserved a lot of attention in recent
times (see [12], [11], [33], [34], [35], [5], [28], [25]). Out of this deep work, roughly speaking, we can
say that for all compactly generated t-structures appearing in nature the corresponding heart is a
Grothendieck category, and what remains open in this vein is to identify all the smashing t-structures,
at least when D is compactly generated, for which the heart is a Grothendieck category.
The next natural problem to tackle is the following. Suppose that we are given a t-structure
with a heart which is a Grothendieck category. Under which conditions this heart satisfies nice
finiteness conditions, e.g., when it is locally finite, locally noetherian, locally coherent or locally
finitely presented? This general problem is only at its start and few references have considered
the problem so far (see, e.g. [41], [25] and the paper in preparation [42], where it is proved that
the heart of any compactly generated t-structure in an ambient compactly generated triangulated
category is a locally finitely presented Grothendieck category). In this paper we tackle the problem
for the Happel-Reiten-Smalo´ t-structure in the derived category D(G) of a Grothendieck category
G associated to a torsion pair t = (T ,F) in G. Concretely, we study when the associated heart is a
locally finitely presented or locally coherent Grothendieck category. Since, by the main results of [33]
and [34], that heart is a Grothendieck category if, an only if, t is of finite type (i.e. F is closed under
taking direct limits in G), the problem translates into identifying further finiteness restrictions on
this type of torsion pairs in order to guarantee that the heart is locally finitely presented or locally
coherent.
We next describe the main results of the paper. The first one (see Theorem 3.1) shows that a recent
result about torsion pairs in module categories (see Remark 3.3) is valid in arbitrary Grothendieck
categories
Theorem A. Let G be a Grothendieck category and let t = (T ,F) be a torsion pair in G. The
following assertions are equivalent:
(1) t is of finite type;
(2) t is quasi-cotilting;
(3) t is the torsion pair associated to a cosilting (pure-injective) object of G.
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The second main result (see Theorem 5.1) identifies the torsion pairs of finite type whose heart
is locally finitely presented for a wide class of Grothendieck categories:
Theorem B. Let G be a locally finitely presented Grothendieck category, let t = (T ,F) be a torsion
pair in G and we let Ht be the heart of the associated Happel-Reiten-Smalø t-structure in D(G).
Consider the following assertions:
(1) Ht is a locally finitely presented Grothendieck category;
(2) T = lim
−→
(T ∩ fp(G));
(3) t is generated by finitely presented objects, i.e. there exists a set S ⊆ fp(G) such that F = S⊥.
Then, the implications (1)⇒(2)⇒(3) hold true. Furthermore, when either of the following two
conditions is satisfied, all assertions are equivalent:
(†) For each T ∈ T ∩ fp(G), the functor ExtkG(T,−) : G → Ab preserves direct limits, for k = 1,
and preserves direct limits of objects in F , for k = 2;
(‡) G has a set of finitely presented generators which are compact in D(G).
As an immediate consequence, one gets:
Corollary C. Suppose that, under the hypotheses of last theorem, the Grothendieck category G
satisfies one of the following conditions:
(1) G is locally coherent;
(2) G is the module category over a ring or, more generally, over a pre-additive category;
(3) G = Qcoh(X) is the category of quasi-coherent sheaves over a quasi-compact quasi-separated
coherent regular scheme X.
Then Ht is a locally finitely presented Grothendieck category if, and only if, t is generated by finitely
presented objects.
Our third main result, Theorem 6.2, gives necessary and sufficient conditions for Ht to be locally
coherent. For the sake of simplicity of presentation, we just extract the following consequence when
the torsionfree class F is generating. Recall that any torsion pair of finite type satisfying this last
property is a cotilting torsion pair (see [33, Proposition 5.7], for the case when G is locally finitely
presented, and [13, Theorem 3.10] for arbitrary G). For the meaning of F0, we refer to Definition
4.2 and Corollary 4.3. In the statement, for each X ∈ Ob(G), we put (1 : t)(X) = X/t(X), where
t(X) is the torsion subobject of X .
Theorem D. Let G be a locally finitely presented Grothendieck category, let t = (T ,F) be a torsion
pair such that F is a generating class in G and let Q be a cotilting object of G such that F = Cogen(Q).
Consider the following statements:
(1) Ht is locally coherent;
(2) there is a set X of finitely presented generators of G such that the following two conditions hold:
(3.1) X ⊆ F and Ext1G(X, lim−→
Qi) = 0, for all X ∈ X and all direct systems (Qi)i∈I in Prod(Q);
(3.2) given any short exact sequence in G of the form
0→ K →
n∐
i=1
Xi → F → 0,
with F ∈ F0 and Xi ∈ X for all i = 1, . . . , n, we have that K ∈ F0;
(3) t is generated by finitely presented objects and, for some (resp., every) set S of finitely presented
generators of G, the following two conditions hold:
(2.1) Ext1G((1 : t)(S), lim−→
Qi) = 0, for all S ∈ S and all direct systems (Qi)i∈I in Prod(Q);
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(2.2) given any short exact sequence in G of the form
0→ K →
n∐
i=1
(1 : t)(Si)→ F → 0,
with F ∈ F0 and Si ∈ S for all i = 1, . . . , n, we have that K ∈ F0;
Then, the implications (1)⇒(2)⇒(3) hold true and, when assertion (2) holds, t restricts to fp(G).
Furthermore, when either of the conditions (†) or (‡) of Thm.B holds, all the assertions (1–3) are
equivalent.
As an immediate consequence (see Corollary 6.8), one gets:
Corollary E. In the situation of Thm.D, suppose that G = Mod-A is the module category over a
pre-additive category A (e.g., over a ring R). The following assertions are equivalent:
(1) Ht is a locally coherent Grothendieck category.
(2) t is generated by finitely presented modules and, for each finitely presented A-module X, the
module (1 : t)(X) admits a projective resolution with finitely generated terms.
In such case t restricts to mod-A := fp(Mod-A).
In the final section, as a consequence of the more general Proposition 6.17, we get the following
result (see Corollary 6.18 for a more general version):
Corollary F. Let R be a right coherent ring and let t = (T ,F) be a torsion pair that such that t(R)
is a finitely generated right ideal of R. The following assertions are equivalent:
(1) Ht is a locally coherent Grothendieck category.
(2) t is generated by finitely presented objects and t = (⊥Q,Cogen(Q)), for some cosilting module
which is an elementary cogenerator in Mod-R
The organization of the paper goes as follows. Section 1 gives the needed basic facts about
Grothendieck categories, especially their finitely presented objects and their properties, and about
torsion pairs in those categories. Section 2 gives the basics on triangulated categories and t-structures
on them. Section 3 is devoted to the proof of TheoremA, that follows a route different to that of
modules. In Section 4, for a given torsion pair of finite type t in a Grothendieck category, we
characterize the objects of the heart Ht which are finitely presented, with special emphasis in the
identification of the stalk complexes in fp(Ht). In Section 5 we study when Ht is locally finitely
presented, proving an extending version TheoremB. In Section 6, we study when Ht is locally
coherent, stating the general Theorem 6.2 as well as TheoremD. In the final Section 7 we consider
the case when G is a module category, prove CorollaryE and, inspired by the work of Rosanna
Laking [27] and highly motivated by her suggestions, we try to find the relation between the local
coherence of the heart and the elementary cogeneration condition of the associated cosilting module,
proving the general Proposition 6.17 and a generalized version of CorollaryF.
Acknowledgement. We are grateful to Jan Sˇtˇov´ıcˇek for several comments and suggestions. It
is also a pleasure for us to thank Lidia Angeleri Hu¨gel and Rosanna Laking for several helpful
discussions, started during a fruitful research stay of the three authors in Verona, in February 2019.
1. Preliminaries on Grothendieck categories and torsion pairs
In this first section we give the necessary definitions and preliminaries about Grothendieck cate-
gories and torsion pairs. Some of the results contained here, although probably known to experts,
are stated in a greater generality than one can find in the literature; in those cases we include a
complete proof.
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1.1. Finitely generated and finitely presented objects. A category I is said to be (skeletally)
small when (the isomorphism classes of) its objects form a set. If C and I are an arbitrary and a
small category, respectively, a functor I → C is said to be a diagram on C of shape I. The category
of diagrams on C of shape I, and natural transformations among them, will be denoted by CI . A
diagram X of shape I is also denoted as (Xi)i∈I , where Xi := X(i) for each i ∈ Ob(I). When any
diagram of shape I has a limit (resp. colimit), we say that C has all I-limits (resp., colimits). In this
case, limI : C
I → C (resp., colimI : C
I → C) denotes the (I-)limit (resp., (I-)colimit) functor and it
is right (resp., left) adjoint to the constant diagram functor ∆I : C → C
I . The category C is said to
be complete (resp., cocomplete, bicomplete) when I-limits (resp., I-colimits, both) exist in C,
for any small category I.
When I is a directed set, viewed as a small category in the usual way, the corresponding colimit
functor is the (I-)direct limit functor lim
−→I
: CI → C. The I-diagrams on C are usually called
direct systems of shape I in C. A direct system (Xi)i∈I where all the maps Xij : Xi → Xj are
monomorphisms is said to be a monomorphic direct system.
Let C be an Abelian category. We say that C is
• (Ab.3) (resp., (Ab.3∗)) when it is cocomplete (resp., complete);
• (Ab.5) when it is cocomplete and direct limits are exact;
• a Grothendieck category if it is (Ab.5) and it has a generator.
Recall that a Grothendieck category is automatically (Ab.3∗) and it has enough injectives. In what
follows we are going to use the letter G to denote a Grothendieck category.
If G is a Grothendieck category and X is an object in G, we say the X is
• finitely generated if G(X,−) : G → Ab commutes with monomorphic direct limits;
• finitely presented if G(X,−) : G → Ab commutes with direct limits.
These definitions coincide with the usual ones if G is a category of modules. In what follows we let
fg(G) := {fin. gen. objects in G} and fp(G) := {fin. pres. objects in G}.
Note that finitely presented objects are, in particular, finitely generated, that is, fp(G) ⊆ fg(G); in
the following lemma we collect some well-known properties of these two classes of objects.
Lemma 1.1. Let G be a Grothendieck category. The subcategory fp(G) is closed under taking
cokernels, while fg(G) is closed under taking quotients.
As a consequence of the above lemma, one obtains that a quotient of a finitely presented object
is finitely generated (while not finitely presented in general). We can now go on proving that the
class of finitely presented objects is closed under taking extensions (see Coro. 1.4); before that, we
need to prove a couple of technical lemmas.
We start by noticing that, given an object E of G, one can construct a functor
(Eq.I) ΨE : G → G such that ΨE(X) := E
G(X,E).
In fact, this is the composition of the following three functors: the contravariant hom-functor
G(−, E) : Gop → Ab, the forgetful | − | : Ab → Set, and the functor E|−| : Setop → G, taking a
set X to a product of |X |-many copies of E; note that the first and the third of these functors are
contravariant, while the second is covariant, so the composition of the three is a covariant functor
G → G, as desired. Furthermore, the functor ΨE : G → G comes with a natural transformation
ι : idG → ΨE , which is monomorphic if E is a cogenerator.
Lemma 1.2. [7, Thm. 42] The following are equivalent for an injective cogenerator E in a Grothendieck
category G and P ∈ fp(G):
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(1) Ext1G(P,−) : G → Ab preserves direct limits;
(2) Ext1G(P,−) vanishes on direct limits of objects in Prod(E);
(3) Ext1G(P,−) vanishes on direct limits of injective objects.
Proof. The implications “(3)⇒(2)” and “(1)⇒(2,3)” are clear, so let us verify the implication
“(2)⇒(1)”. In fact, this follows by [7, Thm. 42] but let us give here a direct argument. Let (Mλ)λ∈Λ
be a direct sytem in G. By the above discussion, we obtain a direct system of sequences in G of the
form:
0 // Mλ
ιλ
// ΨE(Mλ) // Coker(ιλ) // 0
If we apply the functor G(P,−) to this direct system and we use the fact that ΨE(Mλ) ∈ Prod(E)
for each λ, we obtain the following commutative diagram:
lim
−→
G(P,ΨE(Mλ)) //
∼=

lim
−→
G(P,Coker(ιλ)) //
∼=

lim
−→
Ext1G(P,Mλ) //
f

0

G(P, lim
−→
ΨE(Mλ)) // G(P, lim−→
Coker(ιλ)) // Ext
1
G(P, lim−→
Mλ) // Ext
1
G(P, lim−→
ΨE(Mλ)) ∼= 0
where the first two columns on the left are isos since P ∈ fp(G), while Ext1G(P, lim−→
ΨE(Mλ)) = 0 by
hypothesis. Then, an application of the Snake Lemma allows us to conclude that f is an iso. 
Lemma 1.3. Let G be a Grothendieck category, X ∈ fp(G) and consider a direct system (Yi)i∈I in
G. Then, the canonical morphism lim
−→
Ext1G(X,Yi)→ Ext
1
G(X, lim−→
Yi) is a monomorphism in Ab.
Proof. Fix an injective cogenerator E of G, and consider the functor ΨE : G → G defined in (Eq.I).
Now consider the following short exact sequences in G:
(0→ Yi → ΨE(Yi)→ Ci → 0)i∈I , 0→ lim−→
Yi → lim−→
ΨE(Yi)→ lim−→
Ci → 0.
Applying the functor G(X,−) : G → Ab, we get the following commutative diagram with exact rows:
lim
−→
G(X,ΨE(Yi)) //
f1

lim
−→
G(X,Ci) //
f2

lim
−→
Ext1G(X,Yi) //
f3

0

G(X, lim
−→
ΨE(Yi)) // G(X, lim−→
Ci)
α
// Ext1G(X, lim−→
Yi)
β
// Ext1G(X, lim−→
ΨE(Yi)),
where the maps f1, f2 and f3 are given by the universal property of colimits. Note that β ◦f3 = 0, so
there exists λ : lim
−→
Ext1G(X,Yi)→ Im(α) such that ια◦λ = f3, where ια : Im(α)→ G(X, lim−→
Ci) is the
inclusion. Furthermore, since X is finitely presented, we know that f1 and f2 are isomorphisms. By
the Snake Lemma, we deduce that λ is an iso, so the result follows from the equality ια ◦λ = f3. 
Corollary 1.4. Let G be a Grothendieck category, the class of finitely presented objects fp(G) is
closed under extensions.
Proof. Let (Yi)i∈I be a direct system in G and we consider a short exact sequence in G of the form:
0 // X // Y // Z // 0
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where X, Z ∈ fp(G). Applying the functors G(−, Yi) and G(−, lim−→
Yi), we obtain the following
commutative diagram with exact rows:
0 // lim
−→
G(Z, Yi) //
f1

lim
−→
G(Y, Yi) //
f2

lim
−→
G(X,Yi) //
f3

lim
−→
Ext1G(Z, Yi)→ · · ·
f4

0 // G(Z, lim
−→
Yi) // G(Y, lim−→
Yi) // G(X, lim−→
Yi) // Ext
1
G(Z, lim−→
Yi)→ · · ·
By assumption f1 and f3 are isomorphisms and, by Lem. 1.3, we obtain that f4 is a monomorphism.
Using the Snake Lemma, we deduce that f3 is an isomorphism, therefore Y ∈ fp(G). 
Remember now that a full subcategory X of our Grothendieck category G is said to be anAbelian
exact subcategory if it is closed under finite coproducts and, given a morphism φ : X → X ′ with
X, X ′ ∈ X , both the kernel and the cokernel of φ, as computed in G, do belong to X . In the
following lemma we show that, under suitable conditions on the ambient category, the class fp(G)
is an Abelian exact subcategory of G. The hypotheses of the lemma are satisfied whenever G is the
category of modules over a coherent ring (see also Prop. 1.7).
Lemma 1.5. Let G be a Grothendieck category satisfying the following hypothesis:
(†) the functor Ext1G(P,−) : G → Ab preserves direct limits, for all P ∈ fp(G).
Then, fp(G) is an Abelian exact subcategory of G.
Proof. We have already mentioned that fp(G) is closed under taking extensions and cokernels. There-
fore, we only need to check that fp(G) is closed under taking kernels of epimorphisms in fp(G). For
this, we consider the following exact sequence in C:
0 // K // P0 // P1 // 0,
where P0, P1 ∈ fp(G). Given a direct system (Xλ)λ∈Λ, we obtain the following commutative diagram
with exact rows, where the vertical maps are those induced by the universal property of colimits:
0 // lim
−→
G(P1, Xλ) //
f1

lim
−→
G(P0, Xλ) //
f2

lim
−→
G(K,Xλ) //
f

lim
−→
Ext1G(P1, Xλ)
f3

// lim
−→
Ext1G(P0, Xλ)
f4

0 // G(P1, lim−→
Xλ) // G(P0, lim−→
Xλ) // G(K, lim−→
Xλ) // Ext
1
C(P1, lim−→
Xλ) // Ext
1
C(P0, lim−→
Xλ)
Since P0 and P1 are finitely presented, f1 and f2 are isomorphism, while f3 and f4 are isomorphism
by (†). It follows that f is an isomorphism, proving that C(K,−) commutes with direct limits. 
1.2. Locally finitely presented and locally coherent Grothendieck categories. Recall that
an (Ab.3) Abelian category G is said to be
• locally finitely generated if fg(G) is skeletally small and it generates G;
• locally finitely presented if fp(G) is skeletally small and it generates G.
In fact, this is equivalent to say that in G there is a small set of finitely generated (resp., finitely
presented) generators. An (Ab.3) locally finitely presented Abelian category is automatically a
Grothendieck category (see [14, Sec. (2.4)]); furthermore, in a locally finitely presented Grothendieck
category, an object is finitely generated if and only if it is a quotient of a finitely presented object.
Lemma 1.6. The following are equivalent for a Grothendieck category G:
(1) G is locally finitely generated;
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(2) fg(G) is skeletally small and, given X ∈ Ob(G), there is a direct system (Xi)i∈I of finitely
generated objects such that X = lim
−→i∈I
Xi;
(3) fg(G) is skeletally small and, given X ∈ Ob(G), there is a direct system (Xi)i∈I of finitely
generated subobjects of X such that X =
⋃
i∈I Xi.
Proof. The implications “(3)⇒(2)⇒(1)” are clear, so let us concentrate on the proof of the impli-
cation “(1)⇒(3)”. Indeed, given X ∈ Ob(G), there exists a set I, finitely generated objects Gi for
each i ∈ I and an epimorphism p :
∐
i∈I Gi → X . Given a finite subset F ⊆ I, let ιF :
∐
f∈F Gf →∐
i∈I Gi be the obvious inclusion, and let XF := Im(p ◦ ιF ). Then, X
∼=
⋃
{XF : F ⊆ I finite}. 
A locally finitely presented Grothendieck category G is said to be
• locally coherent if finitely generated subobjects of finitely presented objects are finitely
presented. Equivalently, one can ask that fp(G) is an exact Abelian subcategory of G.
Note that to ask that fp(G) is an exact Abelian subcategory of G is the same as asking that
fp(G) is closed under taking kernels in G. In the following proposition we collect some equivalent
characterizations of locally coherent Grothendieck categories.
Proposition 1.7. The following assertions are equivalent for a Grothendieck category G, where E
is an injective cogenerator of G:
(1) G is locally coherent;
(2) G is locally finitely presented and, for each X ∈ fp(G), the functor ExtkG(X,−) : G → Ab preserves
direct limits, for all k > 0 (resp., for k = 1);
(3) G is locally finitely presented and, for each X ∈ fp(G), the functor Ext1G(X,−) : G → Ab vanishes
on direct limits of objects in Prod(E);
(4) G has a set S of finitely presented generators that satisfies the following two conditions:
(4.1) for each S ∈ S, the functor Ext1G(S,−) : G → Ab vanishes on direct limits of objects of
Prod(E);
(4.2) for each X ∈ fp(G), there is an epimorphism p :
∐n
i=1 Si → X, with the Si in S, that has
a finitely presented kernel.
Proof. The equivalences “(1)⇔(2)⇔(3)” follow from [41, Prop. 3.5(2)] and Lemmas 1.2 and 1.5. On
the other hand, the implication “(1)⇒(4)” is clear: just choose as S any set of representatives of
the iso-classes of finitely presented objects.
(4)⇒(2). Given X ∈ fp(G), fix an epimorphism p :
∐n
i=1 Si → X as in condition (4.2), and let
(Yλ)λ∈Λ be a direct system in G. Applying the functors lim−→
G(−, Yλ) and G(−, lim−→
Yλ) to the induced
short exact sequence 0→ K →
∐n
i=1 Si → X → 0, we get the following commutative diagram, whose
rows are exact:
lim
−→
G(
∐n
i=1 Si, Yλ)
//
f1

lim
−→
G(K,Yλ) //
f2

lim
−→
Ext1G(X,Yλ)
//
f3

lim
−→
Ext1G(
∐n
i=1 Si, Yλ)
//
f4

lim
−→
Ext1G(K,Yλ)
f5

G(
∐n
i=1 Si, lim−→
Yλ) // G(K, lim−→
Yλ) // Ext
1
G(X, lim−→
Yλ) // Ext
1
G(
∐n
i=1 Si, lim−→
Yλ) // Ext
1
G(K, lim−→
Yλ)
By the choice of S and condition (4.2), we know that f1 and f2 are isomorphisms and, by Lem. 1.3,
f5 is a monomorphism. On the other hand, by condition (4.1) and Lem. 1.2, we also have that f4 is
an isomorphism. By the Five Lemma, we conclude that f3 is an isomorphism. 
1.3. Torsion pairs. Let G be a Grothendieck category. For a class of objects X in G, we use the
following notation
X⊥ := {C ∈ G : G(X,C) = 0, for all X ∈ X} and ⊥X := {C ∈ G : G(C,X) = 0, for all X ∈ X}.
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A torsion pair in G is a pair t = (T ,F) of full subcategories satisfying the following two conditions:
(Tors.1) T =⊥ F and F = T ⊥;
(Tors.2) for each object X of G, there is an exact sequence
0 // TX // X // FX // 0,
with TX ∈ T and FX ∈ F .
We then say that T is a torsion class and F is a torsionfree class. In the above sequence, TX
and FX depend functorially on X , and the corresponding functors t : G → T and (1 : t) : G → F are
called, respectively, the torsion radical and the torsion coradical. In fact, t is the right adjoint
of the inclusion T → G, while (1 : t) is the left adjoint to the inclusion F → G. In what follows we
will often abuse notation and consider t and (1 : t) as endofunctors G → G.
Lemma 1.8. Let G be a Grothendieck category. Then a class T ⊆ G is a torsion class if and only if
it is closed under taking quotients, extensions and coproducts. Dually, a class F ⊆ G is a torsionfree
class if and only if it is closed under taking subobjects, extensions and products.
Consider a Grothendieck category G and let t = (T ,F) be a torsion pair in G, with torsion radical
t : G → T . Then, t is said to be
• hereditary if t : G → G is a left-exact functor. Equivalently, one can ask that T is closed
under subobjects or that F is closed under taking injective envelopes;
• of finite type if F is closed under taking direct limits.
In the following lemma we give some equivalent characterizations of torsion pairs of finite type;
we omit the proof as the argument is completely analogous to the one commonly used in categories
of modules.
Lemma 1.9. Let G be a Grothendieck category and t = (T ,F) a torsion pair in G. Then, the
following assertions are equivalent:
(1) t is of finite type;
(2) the torsion radical t : G → G preserves direct limits;
(3) the torsion coradical (1 : t) : G → G preserves direct limits.
When a torsion pair of finite type is given in G, we have the following useful criterion for an object
to be finitely presented:
Proposition 1.10. Let G be a Grothendieck category and t = (T ,F) a torsion pair of finite type in
G. The following assertions are equivalent for an object M ∈ G:
(1) M is finitely presented;
(2) M satisfies the following three conditions:
(2.1) G(M,−) : G −→ Ab preserves direct limits of objects in T ;
(2.2) G(M,−)↾F ∼= F((1 : t)(M),−) : F −→ Ab preserves direct limits;
(2.3) for each direct system (Ti)i∈I in T , the canonical morphism
Ext1G(M,Ti) −→ Ext
1
G(M, lim−→
Ti)
is a monomorphism.
Proof. Almost by definition, condition (1) implies conditions (2.1) and (2.2), while condition (2.3) is
a consequence of Lem. 1.3. On the other hand, let us assume that M satisfies condition (2) and let
us check that it is the finitely presented. Indeed, consider a direct system (Ni)i∈I in G and consider
the following short exact sequences:
(0→ t(Ni)→ Ni → (1 : t)(Ni)→ 0)i∈I , 0→ lim−→
t(Ni)→ lim−→
Ni → lim−→
(1 : t)(Ni)→ 0.
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Applying the functor G(M,−), we obtain the following commutative diagram with exact rows:
0 // lim
−→
G(M, t(Ni))
f1

// lim
−→
G(M,Ni) //
f2

lim
−→
G(M, (1 : t)(Ni)) //
f3

lim
−→
Ext1G(M, t(Ni))
f4

0 // G(M, lim
−→
t(Ni)) // G(M, lim−→
Ni) // G(M, lim−→
(1 : t)(Ni)) // Ext
1
G(M, lim−→
t(Ni)),
where the vertical arrows are obtained by the universal property of colimits. Now, f1 is an iso by
(2.1), f3 is an iso by (2.2), while f4 is a mono by (2.3). By the Five Lemma, we deduce that also f2
is an iso, concluding the proof. 
In the following lemma we give a criterion for a torsion object to be finitely presented.
Lemma 1.11. Let G be a Grothendieck category and t = (T ,F) a torsion pair of finite type in G.
If the functor G(T,−) : G → Ab preserve direct limits of direct system in T , then T ∈ fp(G).
Proof. Let (Mλ)λ∈Λ be a direct system in G. Since F = lim−→
F , we obtain that the torsion rad-
ical t : G → T preserves direct limits. Hence, lim
−→G
t(Mλ) ∼= t(lim−→G
Mλ), and from the following
isomorphisms we obtain that T ∈ fp(G):
lim
−→
G(T,Mλ) ∼= lim−→
G(T, t(Mλ)) ∼= G(T, lim−→G
t(Mλ)) ∼= G(T, t(lim−→G
Mλ)) ∼= G(T, lim−→G
Mλ). 
In what follows we want to give a series of characterizations of (hereditary) torsion pairs of finite
type in a given locally finitely presented Grothendieck category G. For this, we need to introduce
the following notations for a given class of objects S ⊆ Ob(G):
• Gen(S) denotes the class of those objects that can be written as quotients of coproducts of
objects in S;
• Pres(S) denotes the class of those objects that can be written as the cokernel of a map of
the form
∐
I Si →
∐
J Sj , with {Si}I and {Sj}J ⊆ S;
• lim
−→
S denotes the class of those objects that can be written as a direct limit of a direct
system (Si)i∈I , with Si ∈ S for all i ∈ I.
Now, given a direct system (Si)i∈I in S, there is an exact sequence of the form∐
i≤j
Sij →
∐
i∈I
Si → lim−→
Si → 0.
Hence, one obtains the inclusions lim
−→
S ⊆ Pres(S) ⊆ Gen(S). The following lemma gives a criterion,
for a suitable class S of finitely presented objects, under which an extension of two objects in lim
−→
S
does belong in Gen(S); this will be applied to construct torsion classes from a given class of finitely
presented objects (see Lem. 1.13).
Lemma 1.12. Let G be a Grothendieck category and let S ⊆ fp(G) be a full subcategory closed under
extensions. If the functor Ext1G(S,−) : G → Ab preserves direct limits of objects in S, for all S ∈ S,
then an extension in G of two objects in lim
−→
S belongs in Gen(S).
Proof. Let (Si)i∈I and (Tj)j∈J be direct systems in S and let
(Eq.II) 0 // lim
−→
Si
u
// X
p
// lim
−→
Tj // 0
be an exact sequence in G. For each k ∈ J , the pullback of the canonical map Tk → lim−→
Tj and p
yields an exact sequence 0→ lim
−→
Si → Xk → Tk → 0. When k varies in J , we obtain a direct system
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of exact sequence in G whose direct limit is the sequence in (Eq.II). In particular, lim
−→
Xj = X . The
proof is whence reduced to check that, if we have an exact sequence
(Eq.III) ε : 0 // lim
−→
Si
u // Y // T // 0,
with T ∈ S, then Y ∈ lim
−→
S. By hypothesis, the canonical map Ψ: lim
−→
Ext1G(T, Si)→ Ext
1
G(T, lim−→
Si)
is an isomorphism. Let [ǫ] ∈ Ext1G(T, lim−→
Si) be the equivalence class represented by the extension ε
in (Eq.III), then there is an index k ∈ I and [εk] ∈ Ext
1
G(T, Sk) such that [ε] = Ψ ◦ ι
∗
k([εk]), where
ι∗k : Ext
1
G(T, Sk) → Ext
1
G(T, lim−→
Si) is the morphism induced by the canonical map ιk : Sk → lim−→
Si
into the direct limit. This means that we have a commutative diagram with exact rows
(Eq.IV) εk : 0 // Sk
P.O.
uk
//
ιk

Yk //

T // 0
ε : 0 // lim
−→
Si // Y // T // 0,
where the square on the left is a pushout. For each i ≥ k, we consider the pushout of the morphism
from the direct system ιki : Sk → Si and the morphism uk : Sk → Yk defined in (Eq.IV). When h
varies on the cofinal subset of I consisting of the indexes h ≥ k, we obtain a direct system of short
exact sequences (0→ Sh
uh−→ Yh → T → 0)h≥k in fp(G), with their three terms in S, which give rise
to a direct system of pushout diagrams
0 // Sh
P.O.
//

Yh //

T // 0
0 // lim
−→
Si // Y // T // 0
Bearing in mind that the direct limit functor preserves pushouts, we take direct limits and, using
the Snake Lemma, we obtain that the induced morphism lim
−→h≥k
Yh → Y is an isomorphism, so that
Y ∈ lim
−→
S, since each Yh belongs to S. 
Lemma 1.13. Let G be a locally finitely presented Grothendieck category and let S ⊆ fp(G) be a
full subcategory closed under extensions and quotients in fp(G). If the functor Ext1G(S,−) : G → Ab
preserves direct limits of objects in S, for all S ∈ S, then lim
−→
S is a torsion class in G.
Proof. We will verify that lim
−→
S = Gen(S). Then, it easily follows that lim
−→
S is closed under taking
coproduct, quotients, and by Lem. 1.12, also under taking extensions; hence, by Lem. 1.8, it will
follow that lim
−→
S is a torsion class. Let (Ti)i∈I be a family of objects in S, consider a short exact
sequence
0 // K
u
//
∐
I Ti
q
// T // 0.
By hypothesis we can consider a direct system (Kλ)λ∈Λ in fp(G) such that K = lim−→
Kλ, that gives
an epimorphism
∐
λ∈ΛKλ ։ K, and hence an exact sequence∐
ΛKλ
f
//
∐
I Ti
q
// T // 0.
We now apply a famous argument of Lazard [27] to conclude that T ∈ lim
−→
S. Indeed, given finite
subsets Λ′ ⊆ Λ and I ′ ⊆ I denote, respectively, by
ιΛ′ :
∐
Λ′
Kλ →
∐
Λ
Kλ and εI′ :
∐
I′
Ti →
∐
I
Ti
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the inclusions into the coproduct, and define the following set
Υ := {(Λ′, I ′) : Λ′ ⊆ Λ, I ′ ⊆ I finite, such that f ◦ ιΛ′ factors through εI′}.
In other words, (Λ′, I ′) ∈ Υ if and only if we have a commutative diagram like the following one:
∐
Λ′ Kλ
f◦ιΛ′
//
f(Λ′,I′) ++
❲❲
❲❲
❲❲
❲❲
❲❲
❲
∐
i∈I Ti∐
I′ Ti
εI′
33❣❣❣❣❣❣❣❣❣❣❣
Note also that, if it exists, the map f(Λ′,I′) is uniquely determined by f . Now, when endowed
with the product order, the poset Υ is directed, and it is routine to check that lim
−→
f(Λ′,I′) = f .
Furthermore, by the right exactness of lim
−→
, we conclude that T ∼= Coker(f) ∼= lim−→
Coker(f(Λ′,I′)).
But Coker(f(Λ′,I′)) is in S, for each (Λ
′, I ′) ∈ Υ, since S is closed under taking quotients in fp(G). 
In the particular case when t is hereditary, the following result is known for categories of modules
(see [15, Prop. 42.9]) and even for locally coherent Grothendieck categories (see [24, Thm. 2.6 and
Coro. 2.10]).
Proposition 1.14. Let G be a locally finitely presented Grothendieck category and t = (T ,F) be a
torsion pair in G. Consider the following assertions:
(1) T = lim
−→
(T ∩ fp(G));
(2) there is a set S ⊂ fp(G) such that T = Gen(S) (or, equivalently, T = Pres(S));
(3) t is generated by finitely presented objects, i.e., there is a set S ⊂ fp(G) such that F = S⊥;
(4) t is of finite type.
Then, the implications “(1)⇔(2)⇒(3)⇒(4)” hold true. Furthermore, when t is hereditary, all the
assertions are equivalent.
Proof. (1)⇒(2). When one takes as S a set of representatives of the isoclasses of objects in T ∩fp(G),
one has inclusions T = lim
−→
S ⊆ Pres(S) ⊆ Gen(S) ⊆ T .
(2)⇒(1). Let T ∈ T = Gen(S), where S ⊂ fp(G). We fix an epimorphism p :
∐
i∈I Si → T and
consider the associated short exact sequence
0→ K
u
−→
∐
i∈I
Si
p
−→ T → 0.
We then pick a direct system (Kλ)λ∈Λ in fp(G) such that lim−→
Kλ ∼= K, and denote by ιλµ : Kλ → Kµ
the morphism in the direct system, for λ ≤ µ, and by ιλ : Kλ → K the induced morphism to the
direct limit, for each λ ∈ Λ. We now apply a typical Lazard’s argument that we just outline, leaving
the details for the reader. Concretely, for any finite subset F ⊆ I, let iF : SF :=
∐
f∈F Sf →
∐
i∈I Si
be the inclusion and let
∆ := {(λ, F, v) : λ ∈ Λ, F ⊆ I finite, v : Kλ → SF such that u ◦ ιλ = iF ◦ v}.
The relation given by (λ, F, v)  (λ′, F ′, v′) if and only if λ ≤ λ′, F ⊆ F ′ and v′ ◦ ιλλ′ = iFF ′ ◦ v,
where iFF ′ : SF → SF ′ is the inclusion, is a partial order relation, making ∆ in to a directed set.
Put now T(λ,F,v) := Coker(v), which is an object of T ∩ fp(G), for each (λ, F, v) ∈ ∆. Also, when
(λ, F, v)  (λ′, F ′, v′), we take as map T(λ,F,v) → T(λ′,F ′,v′) in the direct system the one induced by
the universal property of cokernels. One readily gets that lim
−→
T(λ,∆,v) ∼= T .
(2)⇒(3)⇒(4) are clear implications.
(4)⇒(2) when t is hereditary. This is an easy adaptation of the proof for modules (see the proof of
implication (2)⇒(1) in [15, Prop. 42.9]), which we just outline. Note first that T = Gen(T ∩ fg(G))
and that each object of G is directed union of its finitely generated subobjects. Our task is whence
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reduced to check that each T ∈ T ∩ fg(G) is epimorphic image of an object in T ∩ fp(G). Consider
an exact sequence
(Eq.V) 0 // R
λ
// X
p
// T // 0,
with T ∈ T ∩ fg(G) and X ∈ fp(G). Express R as a direct union of its finitely generated subobjects
R =
⋃
j∈J Rj and, for any j ∈ J , consider the following diagrams:
0 // Rj
λ′j
// Xj

p′j
// t(X/Rj)

// 0
0 // Rj
λj
// X
pj
// X/Rj // 0
0 // Rj
λj
// X
pj
// X/Rj // 0
where the one on the right hand side is obtained with a pullback from the other one. Letting j vary
in J , we obtain two direct systems of short exact sequences (0 → Rj → X → X/Rj → 0)j∈J and
(0 → Rj → Xj → t(X/Rj) → 0)j∈J whose direct limit is the sequence (Eq.V) (this is clear for the
first sequence, while for the second one it is enough to use that the torsion radical t : G → G preserves
direct limits). Now, since X is finitely presented, there is some k ∈ J such that the canonical map
uk : Xk → X to the direct limit is a retraction, so that we obtain the following commutative diagram
with exact rows:
0 // Rk // _

Xk //
uk


t(X/Rk) //
αk

0
0 // R // X // T // 0.
Since t is hereditary (so T is closed under taking subobjects), Ker(αk) ∈ T and, applying the Snake
Lemma to the above diagram we obtain that R/Rk is a quotient of Ker(αk), so that R/Rk ∈ T . As a
consequence, X/Rk ∈ T , since this object is an extension of R/Rk and (X/Rk)/(R/Rk) ∼= X/R ∈ T .
Furthermore, X/Rk is also finitely presented, since X ∈ fp(G) and Rk ∈ fg(G), hence T ∼= X/R is a
quotient of X/Rk ∈ fp(G) ∩ T , as desired. 
Consider a locally finitely presented Grothendieck category G and let t = (T ,F) be a torsion pair
in G, with torsion radical t : G → T . Then t is said to
• restrict to fp(G) is the torsion radical t : G → G preserves finitely presented objects.
When a torsion pair of finite type, that restricts to finitely presented objects, is given in G, we have
the following useful criterion for G to be locally coherent.
Proposition 1.15. Let G be a locally finitely presented Grothendieck category and let t = (T ,F) be
a torsion pair of finite type in G that restricts to fp(G). Then G is locally coherent if, and only if,
the following conditions hold:
(1) any morphism in T ∩ fp(G) has a finitely presented kernel;
(2) each morphism in fp(G) with domain in F and codomain in T ∪F has a finitely presented kernel.
Proof. The “only if” part is clear. As for the “if” part, let f : M → N be a morphism in fp(G).
Since t restricts to fp(G) we have a commutative diagram in fp(G), with exact rows:
0 // t(M) //
t(f)

M //
f

(1 : t)(M) //
(1:t)(f)

0
0 // t(N) // N // (1 : t)(N) // 0;
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The Snake Lemma gives a long exact sequence
0→ Ker(t(f))→ Ker(f)→ Ker[(1 : t)(f)]
w
−→ Coker(t(f))→ Coker(f)→ Coker[(1 : t)(f)]→ 0,
where all cokernels are finitely presented objects and, by hypothesis, Ker(t(f)) and Ker[(1 : t)(f)]
are also finitely presented. Furthermore, Ker[(1 : t)(f)] ∈ F ∩ fp(G) and Coker(t(f)) ∈ T ∩ fp(G).
By (2), we get that Ker(w) ∈ fp(G), which implies that Ker(f) ∈ fp(G). Therefore fp(G) is closed
under taking kernels in G, as desired. 
2. Preliminaries on derived categories and t-structures
In this section we recall the necessary definitions and some basic facts about derived categories
and t-structures. The section is mostly useful to introduce notations, to fix conventions and to recall
some results that help the paper to be more self-contained. For this reason, most of the results
included here are well-known and we include almost no proof.
2.1. Triangulated and derived categories. We refer to [31] for the precise definition of triangu-
lated category. Given a triangulated category D, we always denote by [1] : D → D the suspension
functor and [n] := [1]n for all n ∈ Z, furthermore we denote (distinguished) triangles in D either
by X → Y → Z
+
−→ or X → Y → Z → X [1].
Given a set X of objects in D and a subset I ⊆ Z, we let
X⊥I := {Y ∈ D : D(X,Y [i]) = 0, for all X ∈ X and i ∈ I}
⊥IX := {Z ∈ D : D(Z,X [i]) = 0, for all X ∈ X and i ∈ I}.
If I = {i} for some i ∈ Z, then we let X⊥i := X⊥I and ⊥iX := ⊥IX . If i = 0, we even let X⊥ := X⊥0
and ⊥X := ⊥0X . A set S ⊆ Ob(D) is called a set of generators of D if an object X of D is zero
whenever D(S[k], X) = 0, for all S ∈ S and k ∈ Z, that is, when S⊥Z = 0.
In case D has coproducts, we say that an object X is a compact object when the functor
D(X,−) : D → Ab preserves coproducts. We say that D is compactly generated when it has a
set of compact generators.
Given an Abelian category C, we denote by Ch(C), K(C) and D(C) the category of cochain com-
plexes of objects of C, the homotopy category of C and the derived category of C, respectively
(see [44, 21]). We define D(C) as the localization obtained inverting the quasi-isomorphisms in K(C).
In general the category D(C) may not exist, in the sense that it could happen that D(C)(X,Y ) is a
proper class for some X, Y ∈ D(C); this is never the case when C is a Grothendieck category. When
it exists, D(C) is canonically a triangulated category.
2.2. t-Structures. Given a triangulated category D and an Abelian category C, an additive functor
H0 : D → C is said to be cohomological if, given a triangle X → Y → Z → X [1], the sequence
H0(X)→ H0(Y )→ H0(Z) is exact in C. In particular, one obtains a long exact sequence:
· · · → Hn−1(Z)→ Hn(X)→ Hn(Y )→ Hn(Z)→ Hn+1(X)→ · · ·
where Hn := H0 ◦ [n], for any n ∈ Z.
Definition 2.1. A t-structure in D is a pair τ = (U ,W) of full subcategories, closed under taking
direct summands in D, which satisfy the following axioms:
(t-S.1) D(U [1],W ) = 0, for all U ∈ U and W ∈ W;
(t-S.2) U [1] ⊆ U (or, equivalently, W ⊆ W [1]);
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(t-S.3) for each X ∈ Ob(D), there is a triangle
UX → X → VX → UX [1]
in D, with UX ∈ U and VX ∈ W [−1].
One can see that, for a t-structure τ = (U ,W), we have W = U⊥[1] and U = ⊥W [−1] = ⊥(U⊥).
For this reason, we write a t-structure as τ = (U ,U⊥[1]) or τ = (U ,V [1]), meaning that V := U⊥. We
call U and U⊥ the aisle and the co-aisle of the t-structure, respectively. The objects UX and VX
appearing in the triangle of the above axiom (t-S.3) are uniquely determined by X , up to a unique
isomorphism, and define functors τU : D → U and τ
U⊥ : D → U⊥ which are right and left adjoints to
the respective inclusions; we call them the left and right truncation functors with respect to the
given t-structure t. Furthermore, the above triangle is referred to as the truncation triangle of X
with respect to t. The full subcategoryH := U∩W = U∩U⊥[1] is called the heart of the t-structure
and it is an Abelian category, where the short exact sequences “are” the triangles of D with the
three terms in H. Moreover, with an obvious abuse of notation, the assignments X 7→ τU ◦τ
U⊥[1](X)
and X 7→ τU
⊥[1] ◦ τU (X) define two naturally isomorphic cohomological functors H
0
t : D → H (for
more details we refer to [4, Sec. 1.3]).
Example 2.2. Let G be a Grothendieck category. Then there is always a canonical t-structure in
its derived category D(G) given by
U := {X ∈ D(G) : H
n(X) = 0, ∀n > 0}, V := {Y ∈ D(G) : H
n(Y ) = 0, ∀n ≤ 0}.
The heart U ∩ V [1] of this t-structure is equivalent to the original category G.
A t-structure τ = (U ,V [1]) is said to be generated by a class S ⊆ D if V = S⊥≤0 . Furthermore,
we say that τ is compactly generated if it is generated by a set of compact objects.
Suppose now that the triangulated categoryD has coproducts and that τ = (U ,W) is a t-structure
in D with heart H = U ∩V [1]. Then, it is not difficult to show that the coproduct in H of a family
{Hi}I ⊆ H is given by τ
V[1](
∐
I Hi), where
∐
denotes the coproduct in D. Products in H can be
described dually.
Consider now a morphism φ : H1 → H2 in H. Then there is an easy way to describe the kernel
and the cokernel of φ. Indeed, first of all one has to complete φ to a triangle in D:
K → H1 → H2 → K[1]
By the closure properties of U and V , it is easy to verify that K ∈ U [−1] ∩ V [1] (so that K[1] ∈
U [0]∩V [2]). In particular, τU (K), τ
V[1](K[1]) ∈ H, and the obvious compositions τU (K)→ H1 and
H2 → τ
V[1](K[1]) represent a kernel and a cokernel, respectively, of φ in H (see [4, Sec. 1.3]).
2.3. Happel-Reiten-Smalø t-structures and their hearts. Let D be a triangulated category.
Given two classes X , Y ⊆ D, we define a new class X ∗ Y ⊆ D as follows: Z ∈ X ∗ Y if and only if
there exists a triangle X → Z → Y → X [1], with X ∈ X and Y ∈ Y.
Definition 2.3. Consider a t-structure τ = (U ,V [1]) in D, with heart H := U ∩V [1], and a torsion
pair t = (T ,F) in H. We can define a new t-structure τt = (Ut,Vt[1]) on D, called the Happel-
Reiten-Samlø tilt of τ with respect to t (see [17, Sec. 1.2]), where
Ut := U [1] ∗ T [0], and Vt := F [0] ∗ V .
Almost by construction, the pair (F [1], T [0]) is a torsion pair in the Abelian category Ht :=
Ut ∩ Vt[1]. We will mostly consider Happel-Reiten-Samlø tilts in the following situation: we take G
to be a Grothendieck category, we consider a torsion pair t = (T ,F) in G and we let τ = (U ,V [1])
be the natural t-structure in D(G) described in Ex. 2.2. Then we let τt = (Ut,Vt[1]) be the tilt of τ
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with respect to t, and we denote its heart by Ht. If G is a Grothendieck category, then D(G) has
coproducts and products and, since Ht is the heart of a t-structures in D(G), it also has coproducts
and products (see [33, Proposition 3.2]). We can give an explicit description for some particular
direct limits in Ht (see [33, Prop. 4.2]):
Lemma 2.4. Let G be a Grothendieck category, t = (T ,F) a torsion pair in G, and Ht the heart
of the associated t-structure. The following statements hold true:
(1) given a direct system (Tλ)λ∈Λ in T , we get that lim−→Ht
(Tλ[0]) ∼= (lim−→G
Tλ)[0];
(2) if t is of finite type, then for every direct system (Fλ)λ∈Λ in F , we have that lim−→Ht
(Fλ[1]) ∼=
(lim
−→G
Fλ)[1].
Similarly to the above lemma, one can describe co/kernels of maps between stalk complexes in
the heart:
Lemma 2.5. Let G be a Grothendieck category, let t = (T ,F) be a torsion pair and let Ht be the
heart of the associated t-structure. Consider a short exact sequence 0 → F → K → T → 0, with
F ∈ F and T ∈ T , and consider the associated triangle in D(G):
F [0]→ K[0]→ T [0]→ F [1].
Then, T [0], F [1] ∈ Ht and the kernel of the map T [0]→ F [1] in Ht is exactly, t(K)[0].
Proof. By the explicit description of kernels given in the previous subsection, KerHt(T [0]→ F [1])
∼=
τU [1]∗T [0](K[0]). Consider now the following approximation sequence
0→ t(K)→ K → (1 : t)(K)→ 0
and the associated triangle t(K)[0] → K[0] → (1 : t)(K)[0] → t(K)[1]. Since, clearly, t(K)[0] ∈
T [0] ⊆ U [1] ∗ T [0] and (1 : t)(K)[0] ∈ F [0] ⊆ F [0] ∗ V , the mentioned triangle is the τt-truncation
triangle for K[0], in other words, t(K)[0] ∼= τU [1]∗T [0](K[0]) ∼= KerHt(T [0]→ F [1]), as desired. 
Let us conclude this subsection with the following important result that characterizes when the
heart of an Happel-Reiten-Smalø tilt is a Grothendieck category:
Proposition 2.6. [34, Thm. 1.2] Let G be a Grothendieck category, let t = (T ,F) be a torsion pair
and let Ht be the heart of the associated t-structure. Then, Ht is a Grothendieck category if and
only if t is of finite type.
3. Torsion pairs of finite type, quasi-cotilting and cosilting objects
In this section we clarify the relation among torsion pairs of finite type, quasi-cotilting torsion
pairs and cosilting torsion pairs. The connections among these concepts are scattered in the literature
and just partially known in the particular case where the ambient category is a category of modules.
After recalling the main definitions and some basic facts about pure injective object (in Subs. 3.1),
cosilting objects (in Subs. 3.2), and quasi-cotilting objects (in Subs. 3.3) we are going to prove the
following main result of this section:
Theorem 3.1. Let G be a Grothendieck category and let t = (T ,F) be a torsion pair in G. The
following assertions are equivalent:
(1) t is of finite type;
(2) t is quasi-cotilting;
(3) t is the torsion pair associated to a cosilting (pure-injective) object of G.
Finally, as a byproduct of the techniques used for the proof of the above theorem, we will obtain
the following corollary:
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Corollary 3.2. Let G be a Grothendieck category. An object Q is quasi-cotilting if, and only if,
there is a cosilting object Q′ such that Prod(Q) = Prod(Q′). Such an object is always pure-injective.
In particular, all cosilting objects are pure-injective.
Remark 3.3. When G = Mod-R is the module category over a ring R, the theorem follows from a
combination of several results existing in the literature (see [2, Section 3]). Concretely, in independent
work, Breaz and Pop [8] and Zhang and Wei [45] proved that every cosilting module is pure-injective
and, as a consequence, the implication “(3)⇒(1)” holds in that case. Zhang and Wei [op.cit] also
proved the equivalence “(2)⇔(3)”. Finally, the fact that the cosilting (=quasicotilting) torsion pairs
in Mod-R are exactly those for which F is a covering class was proved by Holm and Jørgensen [18]
(see also [3, 9, 45]).
3.1. Pure-injective objects. Let A be an additive category (in what follows A will usually be
–a full subcategory of– either a Grothendieck or a triangulated category). Given a set I and an
object Y ∈ Ob(A), suppose that the coproduct Y (I) of |I|-many copies of Y exists in A, and let
ιj : Y → Y
(I) be the j-th inclusion into the coproduct, for all j ∈ I. The (I-)summation map
sI : Y
(I) −→ Y
is the unique map such that sI ◦ ιj = idY , for each j ∈ I; its uniqueness and existence are ensured
by the universal property of the coproduct.
Definition 3.4. Let A be an additive category and let Y ∈ Ob(A). We shall say that Y is pure-
injective when, for any given set I, the coproduct Y (I) and the product Y I exist, and the summation
map sI : Y
(I) −→ Y extends through the canonical map µI : Y
(I) → Y I :
Y (I)
sI
//
µI

Y,
Y I
∃ sˆI
55
that is, there exists a morphism sˆI : Y
I −→ Y , such that sI = sˆI ◦ µI .
The above definition of pure-injectivity is not the usual one, but we will see in the following
remark that it is equivalent to the usual definition in the situations we will be interested in.
Remark 3.5. (1) In the situation of the above definition, if B is a full subcategory of A which
contains Y , Y (I), and Y I , then Y is pure-injective in B if, and only if, it is pure-injective in A.
(2) By a famous Jensen-Lenzing characterization of pure-injective modules (see [20, Prop. 7.2]), later
adapted to locally finitely presented Grothendieck categories (see [14, Thm. 3.5.1]) and even to
compactly generated triangulated categories (see [23, Thm. 1.8]), we know that when A is either
a locally finitely presented Grothendieck category or a compactly generated triangulated category,
the above notion of pure-injectivity coincides with the classical one.
3.2. Cosilting objects and cosilting torsion pairs. Let us start introducing cosilting objects in
the context of triangulated categories with products:
Proposition-Definition 3.6. Let D be a triangulated category with products and let E be any
object. The following assertions are equivalent:
(1) the pair (⊥<0E,⊥>0E) is a t-structure in D (so that E ∈ ⊥>0E);
(2) E is a cogenerator of D that satisfies the following two conditions:
(2.1) the pair (UE ,VE [1]) := (
⊥<0E, (⊥≤0E)⊥) is a t-structure;
(2.2) the functor D(−, E) : D → Ab vanishes on VE.
In this situation, the t-structures of assertions (1) and (2) coincide and the object E is said to be a
cosilting object in D.
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Proof. The assertions in (1) and (2) are the duals of the definitions of silting object in a triangulated
category with coproducts given in [40] and [32], respectively. They are well-known to be equivalent
definitions and the corresponding t-structures are the same (see [32, Rem. 4.3 and Thm. 4.1]). 
In the derived category of a given Grothendieck category, there is a special class of well-studied
cosilting objects, called 2-term cosilting complexes:
Definition 3.7. Let G be a Grothendieck category. An object E of D(G) is a 2-term cosilting
complex when it is a cosilting object of D(G) which is quasi-isomorphic to a complex of injective
objects · · · → 0 → E−1 → E0 → 0 → · · · , concentrated in degrees −1 and 0. An object Q of G is
said to be a cosilting object when Q ∼= H−1(E), for some 2-term cosilting complex E of D(G).
Let us remark that, although the terminology may suggest so, a cosilting objectQ in a Grothendieck
category G is not necessarily a cosilting object of D(G), when considered as a complex concentrated
in degree zero. In the following lemma we give a more explicit characterization of the 2-term cosilting
complexes.
Lemma 3.8. Let G be a Grothendieck category and consider a complex of injectives concentrated in
degrees −1 and 0
E : · · · −→ 0 −→ E−1
σ
−→ E0 −→ 0 −→ · · ·
viewed as an object of D(G). Then, the following assertions are equivalent:
(1) E is a 2-term cosilting complex;
(2) F := {F ∈ Ob(G) : D(G)(F [0], E) = 0} = {F ∈ Ob(G) s.t. σ∗ : G(F,E
−1)→ G(F,E0) is epi} is
a torsionfree class in G and F = Cogen(Q), for Q := H−1(E).
Proof. Part of the arguments in this proof are dual to those used in [19]; we sketch them leaving
some of the details to the reader. First of all, let UE :=
⊥<0E and VE :=
⊥≥0E. Then it is easy to
verify the following inclusions D≤−1(G) ⊆ UE and D
>0(G) ⊆ VE .
(1)⇒(2). Using adequate truncations with respect to (some shifts of) the canonical t-structure in
D(G), we have equalities UE = D
≤−1(G) ∗ T [0] and VE = F [0] ∗D
>0(G), for certain subcategories
T and F of G. The fact that (UE ,VE [1]) is a t-structure in D(G) readily gives that tE := (T ,F) is
a torsion pair in G. By definition, an object F ∈ G is in F if, and only if, F ∈ VE =
⊥≥0E. That
is, if and only if D(G)(F,E[i]) = 0, for all i ≥ 0. Since E is a complex of injectives concentrated in
degrees −1 and 0, D(G)(M [0], E[i]) = 0, for all M ∈ Ob(G) and i ≥ 1. Hence, F ∈ F if and only if
D(G)(F [0], E) = 0.
We next prove that Q ∈ F , that will give the inclusion Cogen(Q) ⊆ F . To do that, apply the
functor D(G)(−, E[1]) to the following triangle:
(Eq.VI) H0(E)[−1] −→ Q[1] −→ E −→ H0(E)[0]
and bear in mind that such functor vanishes on H0(E)[k] for k = −1, 0, hence we get an isomorphism
D(G)(Q[1], E[1]) ∼= D(G)(E,E[1]). On the other hand, D(G)(E,E[1]) = 0 since E ∈ ⊥>0E, so that
D(G)(Q[0], E) = 0 and Q ∈ F , as desired.
On the other hand, if F ∈ F and we apply the functor D(G)(F [0],−) to the triangle in (Eq.VI),
we get the following exact sequence
0 = D(G)(F [0], H
0(E)[−1])→ D(G)(F [0], Q[1])→ D(G)(F [0], E) = 0,
which implies that Ext1G(F,Q)
∼= D(G)(F [0], Q[1]) = 0. Once we know this, proving that F ⊆
Cogen(Q) amounts to checking that G(F,Q) 6= 0, for all F ∈ F \ {0}. Indeed if this is true
then, for each F ∈ F , the canonical morphism λF : F → Q
G(F,Q) has a kernel that satisfies that
G(Ker(λF ), Q) = 0, which then implies that Ker(λF ) = 0, and so F ∈ Cogen(Q). Let then take
F ∈ F and assume that 0 = G(F,Q) ∼= D(G)(F [1], Q[1]). Apply now the functor D(G)(F [1],−) to
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the triangle in (Eq.VI). We then get that D(G)(F [1], E) = 0, which implies that D(G)(F [i], E) = 0,
for all i ∈ Z, since, by definition of F , we know that D(G)(F [0], E) = 0. It follows that F = 0 since
E cogenerates D(G).
(2)⇒(1). Consider the following triangle in D(G):
(Eq.VII) E−1[0]
σ[0]
−→ E0[0] −→ E −→ E−1[1].
Given X ∈ D(G), apply the cohomological functor D(G)(X,−) to the triangle in (Eq.VII) and
consider the corresponding long exact sequence, then it is easy to see that X ∈ ⊥<0E (resp.,
X ∈ ⊥>0E) if, and only if, σ[0]∗ : D(G)(X,E
−1[0]) → D(G)(X,E0[0]) is a monomorphism and
σ[j]∗ : D(G)(X,E
−1[j]) → D(G)(X,E0[j]) is an isomorphism, for all j < 0 (resp., if and only
if σ[0]∗ : D(G)(X,E
−1[1]) → D(G)(X,E0[1]) is an epimorphism and σ[j]∗ : D(G)(X,E
−1[j]) →
D(G)(X,E0[j]) is an isomorphism, for all j > 1). On the other hand, when I is an injective
object of G, one has an isomorphism D(G)(X, I[j]) ∼= G(H−j(X), I), which is natural both in
X and I. Due to the definition of F , we then deduce that, for any given j ∈ Z, the map
σ[j]∗ : D(G)(X,E
−1[j]) → D(G)(X,E0[j]) is an epimorphism if and only if H−j(X) ∈ F , and
it is a monomorphism if and only if 0 = G(H−j(X),Ker(σ)) = G(H−j(X), Q). Due to the equality
F = Cogen(Q), we conclude that σ[j]∗ is a monomorphism if and only if H
−j(X) ∈ T . As a conclu-
sion, we get that X ∈ ⊥<0E (resp., X ∈ ⊥>0E) if, and only if, H0(X) ∈ T and H−j(X) ∈ T ∩F = 0,
for all j < 0 (resp., if and only if H−1(X) ∈ F and H−j(X) ∈ T ∩ F = 0, for all j > 0). Therefore,
the pair (⊥<0E,⊥>0E) = (Ut,Vt[1]) is exactly the Happel-Reiten-Smalø t-structure associated to t.
It remains to prove that E ∈ ⊥>0E. But this is clear since ⊥>0E = Vt[1] = F [1] ∗D
≥0(G) and
also E ∈ D≥−1(G) and H−1(E) = Q ∈ F . 
Definition 3.9. Let G be a Grothendieck category. A cosilting torsion pair in G is a torsion pair
t = (T ,F) such that F = Cogen(Q), for some cosilting object Q of G.
3.3. Quasi-cotilting objects and quasi-cotilting torsion pairs. Let G be a Grothendieck cat-
egory and recall that, given an object Q ∈ Ob(G),
• Prod(Q) denotes the class of direct summands of products of copies of Q;
• Cogen(Q) denotes the class of objects isomorphic to subobjects of objects in Prod(Q);
• Copres(Q) denotes the class of objects F that fit into an exact sequence 0→ F → P1 → P2,
with P1, P2 ∈ Prod(Q);
• Cogen(Q) denotes the class of objects isomorphic to quotients of objects in Cogen(Q).
Clearly, we always have the inclusions Prod(Q) ⊆ Copres(Q) ⊆ Cogen(Q) ⊆ Cogen(Q). Recall also
that
⊥1Q := {X ∈ Ob(G) : Ext1G(X,Q) = 0}.
Definition 3.10. Slightly modifying [10, Def. 2.3 and 2.6], given a Grothendieck category G, an
object Q ∈ G is said to be (1-)cotilting when Cogen(Q) = ⊥1Q. Furthermore, an object Q of G is
quasi-cotilting when Cogen(Q) = ⊥1Q∩Cogen(Q). It is easy to see that in such case one has that
Cogen(Q) = Copres(Q).
Note that Cogen(Q) is always closed under taking products and subobjects. Furthermore, if
Cogen(Q) = ⊥1Q (resp., Cogen(Q) = ⊥1Q∩Cogen(Q)), then it is not difficult to show that Cogen(Q)
is also closed under taking extensions, that is, Cogen(Q) is a torsion-free class.
Definition 3.11. Any torsion pair of the form t = (⊥Q,Cogen(Q)), for Q a (quasi-)cotilting object,
will be called a (quasi-)cotilting torsion pair.
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3.4. Proofs of the main results. In this subsection we prove the results announced at the begin-
ning of this section. We start with the following technical lemma which will be useful in the proof of
the main theorem. Through this subsection we let G be a Grothendieck category, and we let Inj-G
be the full subcategory of injective objects in G. Following this notation, Ch(Inj-G) (resp., K(Inj-G))
denotes the full subcategory of Ch(G) (resp., K(G)) spanned by the complexes of injective objects.
Lemma 3.12. Let G be a Grothendieck category, let Y ∈ Ch(Inj-G) be a bounded-below complex of
injectives, and let k ∈ Z. If D(G)(−, Y [k]) vanishes on G[0], then we have an isomorphism
Y ∼= Y − ⊕ Y + in K(Inj-B),
where Y − ∈ Ch<k(Inj-G) and Y + ∈ Ch>k(Inj-G). In particular, if D(G)(−, Y [j]) vanishes on G[0],
for all j ≥ k, then Y ∈ K<k(Inj-G).
Proof. The final statement follows from the first part of the lemma by an easy induction argument.
As for the first part, we know by [32, Lem. 5.9] that Hk(Y ) = 0. Denote by Zk := Zk(Y ) the
corresponding object of k-cocycles. The inclusion Zk → Y k gives rise to a chain map Zk[0] →
Y [k], which is null-homotopic since K(G)(Zk[0], Y [k]) ∼= D(G)(Zk[0], Y [k]) = 0 (where the first
isomorphism is true since, being Y a bounded below complex of injectives, it is DG-injective). It
immediately follows that the induced epimorphism Y k−1 → Zk is a retraction. In particular, this
implies that Zk is injective in G and we have decompositions Y k−1 = Y˜ k−1⊕Zk and Y k = Y˜ k⊕Zk,
where Y˜ k−1 is the kernel of the differential dk−1 : Y k−1 → Y k. Hence, the differentials dk−1 and dk
can be written in matricial form as follows:
dk−1 =
(
0 0
0 idZk
)
: Y˜ k−1 ⊕ Zk −→ Y˜ k ⊕ Zk and dk =
(
d˜ 0
)
: Y˜ k ⊕ Zk −→ Y k+1,
where d˜ is a monomorphism. Therefore, we obtain a decomposition Y k+1 ∼= Y˜ k ⊕ Y˜ k+1 that allows
us to depict dk as
dk =
(
idY˜ k 0
0 0
)
: Y˜ k ⊕ Zk −→ Y˜ k ⊕ Y˜ k+1.
If, given M ∈ Ob(G), we denote by Dn(M) the complex · · · → 0 → M
idM−→ M → 0 → · · · ,
concentrated in degrees n and n+ 1, we clearly have a decomposition
Y ∼= Y − ⊕Dk−1(Zk)⊕Dk(Y˜ k)⊕ Y + in Ch(Inj-G),
where Y − ∈ Ch<k(Inj-G) and Y + ∈ Ch>k(Inj-G). This ends the proof of the lemma since Dn(Zk)
and Dn(Y˜ k) are contractible, and hence zero objects in K(Inj-G). 
We are now ready for the proof of the main result of this section:
Proof of Thm. 3.1. (1)⇒(2). By Prop.2.6, we know that assertion (1) holds if, and only if, the heart
Ht of the associated Happel-Reiten-Smalø t-structure in D(G) is a Grothendieck category. It is then
proved in [36] that, if Y is an injective cogenerator of Ht, then Q := H
−1(Y ) is a quasi-cotilting
object of G such that F = Cogen(Q) = Copres(Q).
(2)⇒(1). Let us fix a quasi-cotilting object Q such that F = Cogen(Q). Consider the subcategory
F := Cogen(Q). This subcategory is closed under subobjects, quotients and coproducts, so that it
is an Abelian exact subcategory of G, where colimits are computed as in G, although limits may
not. It follows that F is an (Ab.5) Abelian category. We claim that, if G is a generator of G, then
(1 : t)(G) is a generator of F , so that F is actually a Grothendieck category. Indeed, if M ∈ F and
we fix epimorphisms π : G(I) → F and p : F →M , with F ∈ F , then we get an induced epimorphism
π¯ : (1 : t)(G)(I) ∼= (1 : t)(G(I))→ F , and hence another one p ◦ π¯ : (1 : t)(G)(I) →M .
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We claim that Q is a (1-)cotilting object of F . Since we know that F = Cogen(Q) = F ∩ ⊥1Q, it
is enough to check that F ∩ ⊥1Q = Ker(Ext1F(−, Q)). The inclusion “⊆” is clear. For the converse,
let M ∈ Ker(Ext1F(−, Q)) and fix two exact sequences
0→ F ′
u
−→ F −→M → 0 and 0→ F ′
v
−→ QI −→ F ′′ → 0
with F, F ′, F ′′ ∈ F and I some set (where for the second exact sequence we used that F =
Copres(Q)). Taking the pushout of u and v, we obtain the following commutative diagram with
exact rows and columns:
0

0

0 // F ′
P.O.
u
//
v

F //

M // 0
0 // QI

// X

// M // 0
F ′′

F ′′

0 0
We then obtain that X ∈ F (as it is an extension of F and F ′′ ∈ F), so that QI , X, and M all
belong in F . By the choice of M , the second row of the diagram splits, so that M ∈ F since it is
isomorphic to a direct summand of X .
Once we know that Q is cotilting in F and that F is a generating class in F , [13, Thm. 3.9] says
that F is closed under taking direct limits in F . But direct limits in this category are computed as
in G, therefore t is a torsion pair of finite type in G.
(1,2)⇒(3). The associated Happel-Reiten-Smalø t-structure τt = (Ut,Vt) in D(G) is smashing,
(left and right) non-degenerate and its heart is a Grothendieck category. Moreover, due to [1,
Proposition 5.1] and [38, Theorem 7.2], we know thatD(G) is a well-generated triangulated category,
which implies that it satisfies Brown’s Representability Theorem (see [31]). It follows from [42] that
there is a cosilting pure-injective object E ∈ D(G) such that τt = (
⊥<0E,⊥>0E) is the associated
t-structure.
Hence, the proof reduces to check that E is a 2-term cosilting complex. Indeed, if that is the
case, then Q := H−1(E) is a cosilting object of G such that F = Cogen(Q). Moreover, if we fix the
canonical map µEI : E
(I) → EI from the coproduct to the product in D(G), and we fix a morphism
sˆEI : E
I → E such that sEI = sˆ
E
I ◦ µ
E
I : E
(I) → E is the summation map, then the 2-term condition
of E implies that H−1(EI) ∼= H−1(E)I and, due to exactness of coproducts in G, we also have
that H−1(E(I)) ∼= H−1(E)(I). It then follows that H−1(µEI ) gets identified with the canonical map
Q(I) → QI and H−1(sEI ) gets identified with the summation map Q
(I) → Q. The decomposition
H−1(sEI ) = H
−1(sˆEI ) ◦H
−1(µEI ) tells us that Q is pure-injective in G.
Hence, it remains to verify that E is a 2-term cosilting complex. Indeed, E ∈ Vt ⊆ D
≥−1(G),
so that E is quasi-isomorphic to a complex of injectives · · · → 0 → E−1 → E0 → E1 → · · ·
concentrated in degrees≥ −1, withH−1(E) ∈ F . On the other hand, G[−i] ⊂ D≥0(G) ⊆ Vt =
⊥>0E,
which implies that 0 = D(G)[G[−i], E[j]) ∼= D(G)(−, E[i + j]), for all integers i ≥ 0 and j > 0. By
the Lem. 3.12 and its proof, we conclude that E is isomorphic in K(Inj-G) to a complex of injectives
· · · → 0 → E−1 → E˜0 → 0 → · · · , where E˜0 is a direct summand of E0. Then, E is a 2-term
cosilting complex, as desired.
(3)⇒(2). Let E be a 2-term cosilting complex
E : · · · −→ 0 −→ E−1
σ
−→ E0 −→ 0 −→ · · ·
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such that Q = H−1(E) and Cogen(Q) = F = {F ∈ Ob(G) : D(G)(F [0], E) = 0}. In the second
paragraph of the proof of the implication “(1)⇒(2)” of Lem.3.8, we have seen that F ⊆ ⊥1Q, so that
F ⊆ ⊥1Q∩Cogen(Q) = ⊥1Q∩F . We just need to prove the converse inclusion: take M ∈ ⊥1Q∩F
and fix a short exact sequence 0→ F ′
u
−→ F →M → 0, with F ∈ F . Applying D(G)(−, E) to the
corresponding triangle in D(G), we get an exact sequence
D(G)(F [1], E)
u[1]∗
−→ D(G)(F
′[1], E) −→ D(G)(M [0], E) −→ D(G)(F [0], E) = 0.
The natural isomorphism D(G)(−[1], E) ∼= G(−, Q) of contravariant functors G → Ab gives us an
exact sequence
G(F,Q)
u∗
−→ G(F ′, Q) −→ D(G)(M [0], E)→ 0,
where u∗ is surjective since Ext1G(M,Q) = 0. It follows that D(G)(M [0], E) = 0, and so M ∈ F . 
Now the proof of Coro. 3.2 consists in a closer analysis of the methods used in the above proof.
Before proceeding with the proof, let us just recall that, given a Grothendieck category G, two objects
X, Y ∈ Ob(G) are said to be Prod-equivalent if and only if Prod(X) = Prod(Y ). Clearly, if X and
Y are Prod-equivalent, then the former is quasi-cotilting if and only if the latter is quasi-cotilting.
Proof of Coro. 3.2. In the proof of the implication “(3)⇒(2)” in Thm. 3.1 we have proved the “if”
part of the assertion, since any object which is Prod-equivalent to a quasi-cotilting object is also
quasi-cotilting. On the other hand, the proof of the implication “(1,2)⇒(3)” shows that, if Q is
a quasi-cotilting object and t = (T ,F) is the associated torsion pair, then it is also the cosilting
torsion pair associated with a pure-injective cosilting object Q′. Hence,
⊥Q′ ∩ F = Cogen(Q′) = Copres(Q′) = F = Cogen(Q) = Copres(Q) = ⊥1Q ∩ F .
We immediately get from this that Q ∈ Prod(Q) = Prod(Q′). Moreover, by [13, Prop. 3.4], we know
that the class of pure-injective objects is closed under taking products in G, and it is clearly closed
under taking direct summands. Therefore, Q is pure-injective. 
4. Finitely presented objects in the heart
In this section we start with a Grothendieck category G and a torsion pair t = (T ,F) of finite
type in G, and we give a general characterization of the finitely presented objects in the heart
Ht of the Happel-Reiten-Smalø t-structure associated with t. We then deduce some very explicit
characterizations under some general hypotheses that include the case when the category G is locally
coherent.
4.1. Characterization of finitely presented objects. Remember that, in Prop. 1.10, we gave
a criterion for an object in a Grothendieck category to be finitely presented, in terms of a given
torsion pair. In the following corollary we translate this criterion for objects in Ht, with respect to
the torsion pair (F [1], T [0]).
Corollary 4.1. Let G be a Grothendieck category and let t = (T ,F) be a torsion pair of finite type
in G. The following assertions are equivalent for an object M ∈ Ht:
(1) M is finitely presented in Ht;
(2) M satisfies the following conditions:
(2.1) D(G)(M, (−)[1])↾F : F → Ab preserves direct limits;
(2.2) H0(M) is a finitely presented object of G;
(2.3) for each direct system (Fi)i∈I in F , the following canonical morphism is mono:
lim
−→D
(G)(M,Fi[2]) −→ D(G)(M, (lim−→
Fi)[2]).
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Proof. We have already mentioned that Ht is a Grothendieck category, and it is well-known that
t′ = (F [1], T [0]) is a torsion pair in Ht. By [33, Prop. 4.2 (3.a)] t
′ is of finite type. To con-
clude, note that conditions (2.1), (2.2) and (2.3) of the present corollary correspond to the same
conditions in Prop. 1.10, bearing in mind the following natural isomorphisms: T (H0(M),−) ∼=
Ht(M, (−)[0])↾T : T → Ab,Ht(M, (−)[1])↾F = D(G)(M, (−)[1])↾F : F → Ab and, by [4, Re´m. 3.1.17],
Ext1Ht(M, (−)[1])↾F
∼= D(G)(M, (−)[2])↾F : F → Ab. 
In the rest of this subsection we use the above criterion to characterize the stalk complexes that
are finitely presented in the heart.
Definition 4.2. Let G be a Grothendieck category, and let t = (T ,F) be a torsion pair in G. We
define F0 to be the subcategory of G, spanned by those F ∈ F such that the functor G(F,−) : G → Ab
preserves direct limits of objects in F .
When the torsion pair t is of finite type, the class F0 can be used to describe the stalk complexes
concentrated in degree −1 that are finitely presented objects in the heart Ht:
Corollary 4.3. Let G be a Grothendieck category and let t = (T ,F) be a torsion pair of finite type
in G. For an object F ∈ F , consider following conditions:
(1) F is isomorphic to a summand of (1 : t)(X), for some X ∈ fp(G).
(2) F [1] is finitely presented in Ht.
(3) F ∈ F0.
The implications (1)⇒(2)⇔(3) hold true. Furthermore, if the ambient category G is locally finitely
presented, then all conditions are equivalent.
Proof. Bearing in mind that (F [1], T [0]) is a torsion pair of finite type inHt, the equivalence (2)⇔(3)
is a direct consequence of Prop. 1.10, Lem. 1.11, and [33, Prop. 4.2(2)].
(1)⇒(2). GivenX ∈ G, there is a natural isomorphism of functors G(X,−)↾F ∼= F((1 : t)(X),−) : F →
Ab, where the first of these two functors preserves direct limits when X ∈ fp(G), so one concludes
by Lem. 1.11.
(3, 2)⇒(1) when G is locally finitely presented. Let us assume conversely that F ∈ F and F [1] ∈
fp(Ht), and express F as a direct limit F = lim−→
Mi, where (Mi)i∈I is a direct system in fp(G). Since
t is of finite type, F ∼= lim−→
(1 : t)(Mi). The fact that the functor G(F,−) preserves direct limits of
objects in F , implies that the isomorphism F→ lim
−→
(1 : t)(Mi) factors in the form
F
u ++❲❲
❲❲
❲❲
❲❲
❲❲
❲❲
∼= // lim
−→
(1 : t)(Mi),
(1 : t)(Mj)
ιj
22❡❡❡❡❡❡❡❡❡❡❡
where ιj is the canonical map into the direct limit, for some j ∈ I. It then follows that u is a section
and so F is isomorphic to a direct summand of (1 : t)(Mj). 
We want now to characterize the stalk complexes concentrated in degree 0 that are finitely pre-
sented objects in the heart Ht. For this, we introduce a class T0 that plays a similar role as F0 does
in classifying finitely presented stalk complexes concentrated in degree −1:
Definition 4.4. Let T0 be the class of those objects T ∈ fp(G) ∩ T such that, for each direct system
(Fi)i∈I in F , the canonical morphism
lim
−→
ExtkG(T, Fi) −→ Ext
k
G(T, lim−→
Fi)
is an isomorphism for k = 1 and a monomorphism for k = 2.
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When the torsion pair t is of finite type, the class T0 can be used to completely describe the stalk
complexes concentrated in degree 0 that are finitely presented objects in the heart Ht. We omit the
proof of the following corollary, as it is an easy consequence of Coro. 4.1:
Corollary 4.5. Let G be a Grothendieck category and let t = (T ,F) be a torsion pair of finite type
in G. The following assertions are equivalent for an object T ∈ T :
(1) T [0] is a finitely presented object in Ht;
(2) T ∈ T0.
In the following lemma we give a more explicit description of the class T0 in a particular case.
Indeed, if the torsion pair t = (T ,F) is of finite type, Ht is locally finitely presented and the induced
torsion pair t¯ := (F [1], T [0]) restricts to fp(Ht), then T0 = T ∩ fp(G).
Lemma 4.6. Let G be a Grothendieck category and t = (T ,F) a torsion pair of finite type in G.
Then, there are inclusions
T0 ⊆ H
0(fp(Ht)) ⊆ add(H
0(fp(Ht))) ⊆ T ∩ fp(G).
Moreover, the following assertions hold true:
(1) if t¯ := (F [1], T [0]) restricts to fp(Ht), then T0 = H
0(fp(Ht)) = add(H
0(fp(Ht)));
(2) if Ht is locally finitely presented, then add(H
0(fp(Ht))) = T ∩ fp(G).
Proof. By Coro. 4.1, H0(M) ∈ T ∩ fp(G), for all M ∈ fp(Ht), so the inclusion add(H
0(fp(Ht))) ⊆
T ∩ fp(G) follows. By Coro. 4.5, we also have that T0 ⊆ H
0(fp(Ht)) since T = H
0(T [0]). We then
pass to prove assertions (1) and (2):
(1) Using Coro. 4.5, we get that t¯ restricts to fp(Ht) if, and only if, H
−1(M)[1] ∈ fp(Ht) and
H0(M) ∈ T0, for all M ∈ fp(Ht). Then the inclusion H
0(fp(Ht)) ⊆ T0 holds, which implies the
equality add(H0(fp(Ht))) = T0, since T0 is closed under taking direct summands.
(2) If Ht is locally finitely presented and T ∈ T ∩ fp(G), then T [0] = lim−→Ht
Mi, for some direct
system (Mi)i∈I in fp(Ht). The functor H
0
|Ht
: Ht → G is right exact and it preserves coproducts.
Hence, it preserves direct limits, and so T = H0(T [0]) ∼= lim−→
H0(Mi). But the fact that T ∈ fp(G)
implies that there exists j ∈ I such that the canonical map ιj : H
0(Mj)→ T to the direct limit is a
retraction. Then, T ∈ add(H0(fp(Ht))). 
As we announced in the introduction of this section, the above characterizations of finitely pre-
sented stalk complexes can be used to give a very explicit description of fp(Ht), under suitable
assumptions on the ambient category G:
Lemma 4.7. Let G be a Grothendieck category, t = (T ,F) a torsion pair of finite type in G, and
suppose that,
(•) for each T ∈ T ∩ fp(G) and each direct system (Fi)i∈I in F , the canonical morphism
lim
−→
ExtkG(T, Fi)→ Ext
k
G(T, lim−→
Fi) is an isomorphism for k = 1, 2.
(In particular, condition (•) is always satisfied when G is locally coherent). Then, an object M ∈
Ob(Ht) is in fp(Ht) if, and only if, H
−1(M) ∈ F0 and H
0(M) ∈ fp(G).
As a consequence, the induced torsion pair t¯ = (F [1], T [0]) in Ht restricts to fp(Ht).
Proof. Condition (•) guarantees that (T ∩fp(G))[0] ⊆ fp(Ht) (see Coro. 4.5). From this and Coro. 4.3
the “if” part follows at once. Conversely, if M ∈ fp(Ht) then, by Coro. 4.1 and (•), we conclude
that H0(M)[0] ∈ fp(Ht). We then consider the torsion sequence
0→ H−1(M)[1] −→M −→ H0(M)[0]→ 0
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and an arbitrary direct system (Fi)i∈I in F . Apply the functorsHt(−, lim−→
(Fi[1])) ∼= Ht(−, (lim−→
Fi)[1])
and lim
−→
Ht(−, Fi[1]) to the above sequence to obtain, after the obvious identifications and using the
(Ab.5) condition in Ht, the following commutative diagram in Ab, where both rows are exact
lim
−→
G(H−1(M), Fi)
!!
f3

lim
−→
Ht(M,Fi[1])
44
f2

lim
−→
Ext2G(H
0(M), Fi)
""
f4

lim
−→
Ext1G(H
0(M), Fi)
11
f1

lim
−→
Ext1Ht(M,Fi[1])
f5

G(H−1(M), lim
−→
Fi)
!!
Ht(M, lim−→
(Fi[1]))
44
Ext2G(H
0(M), lim
−→
Fi)
""
Ext1G(H
0(M), lim
−→
Fi)
22
Ext1Ht(M, lim−→
(Fi[1]))
By the condition (•) and Coro. 4.1, we know that f1 and f4 are isomorphisms. On the other hand,
using that M ∈ fp(Ht) and Lem. 1.3, we get that f2 is an isomorphism and f5 is a monomorphism.
The Five Lemma then implies that f3 is an iso, that is, H
−1(M) ∈ F0 and, since F [1] ∩ fp(Ht) =
F0[1], we also get that t¯ restricts to fp(Ht). 
5. Locally finitely presented hearts
In this section we start with a locally finitely presented Grothendieck category G, a torsion pair
t = (T ,F) of finite type in G, and we let Ht be the heart of the associated Happel-Reiten-Smalø
t-structure in D(G). We then study some conditions under which Ht is a locally finitely presented
Grothendieck category. Our strongest result in this direction is the following theorem, that gives
several equivalent conditions for this to happen. Let us underline that we are only able to prove the
equivalence of all the condition under either of two extra hypotheses that we have labeled here by
(†) and (‡). We want to remark that these conditions are quite general in that, for example, (†) is
always satisfied in case G is locally coherent, while (‡) is always satisfied when G is a category of
modules over a small preadditive category (e.g., over a unitary ring). Note that, by the results in
Sec. 4, under both hypotheses we have quite explicit characterizations of the objects in fp(Ht).
Theorem 5.1. Let G be a locally finitely presented Grothendieck category, let t = (T ,F) be a
torsion pair in G and we let Ht be the heart of the associated Happel-Reiten-Smalø t-structure in
D(G). Consider the following assertions:
(1) Ht is a locally finitely presented Grothendieck category;
(2) T = lim
−→
(T ∩ fp(G));
(3) there is a set S ⊂ fp(G) such that T = Gen(S) (or, equivalently, T = Pres(S));
(4) t is generated by a set of finitely presented objects, i.e. there exists a set S ⊆ fp(G) such that
F = S⊥.
Then, the implications (1)⇒(2)⇔(3)⇒(4) hold true. Furthermore, when either of the following two
conditions is satisfied, all assertions are equivalent:
(†) For each T ∈ T ∩ fp(G), the functor ExtkG(T,−) : G → Ab preserves direct limits, for k = 1,
and preserves direct limits of objects in F , for k = 2;
(‡) G has a set of finitely presented generators which are compact in D(G).
Proof. The implications “(2)⇔(3)⇒(4)” follow by Prop. 1.14.
(1)⇒(2). Let T be an object in T . Since Ht is locally finitely presented, there is a direct system
(Pλ)λ∈Λ in fp(Ht) such that lim−→Ht
Pλ = T [0]. By [33, Thm. 4.8(4)] we deduce the isomorphism
lim
−→G
H0(Pλ) = T , so that assertion (2) is clear from Coro. 4.1.
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(2,3)⇒(1), assuming either condition (†) or condition (‡). The goal is to prove that any X ∈ Ob(Ht)
is quotient (=epimorphic image) of a coproduct of objects of fp(Ht). Let us fix an X ∈ Ob(Ht) ,
represented by a complex of the form:
X : · · · // 0 // X−1
d
// X0 // 0 // · · ·
Letting T := H0(X), fix a direct system (Tλ)λ∈Λ in T ∩ fp(G) such that lim−→G
Tλ ∼= T . Now, for each
λ ∈ Λ, we consider the following commutative diagram with exact rows in Ht:
0 // H−1(X)[1] // Xλ //
f˜λ

P.B.
Tλ[0] //
fλ

0
0 // H−1(X)[1] // X // T [0] // 0
where the square on the right hand side is a pullback. Note that (Xλ)λ∈Λ is a direct system in Ht
such that lim
−→Ht
Xλ = X , so there is no loss of generality in assuming that T ∈ fp(G) ∩ T .
Assume now condition (†) and let F := H−1(X), take a direct system (Mλ)λ∈Λ in fp(G) such
that lim
−→G
Mλ ∼= F and note that, by Lem. 1.9, F ∼= lim−→G
(1 : t)(Mλ). Consider now the canonical
morphism lim
−→
Ext2G(T, (1 : t)(Mλ))→ Ext
2
G(T, lim−→
(1 : t)Mλ) = Ext
2
G(T, F ), which is an isomorphism
by condition (†), and take the element [ε] ∈ Ext2G(T, F ) represented by the exact sequence:
(Eq.VIII) ǫ : 0 // F // X−1 // X0 // T // 0.
Therefore, there is an index β ∈ Λ and an element [ǫβ] ∈ Ext
2
G(T, (1 : t)Mβ) such that Ext
2
G(T, uβ)([ǫβ ]) =
[ǫ], where uβ : (1 : t)Mβ → F is the canonical map to the direct limit. We fix an exact sequence
ǫβ : 0 // (1 : t)Mβ // X
−1
β
// X0β
// T // 0
in G which represents [ǫβ]. For each α ∈ Λ with β ≤ α, we consider the pushout diagram
ǫβ : 0 // (1 : t)Mβ //
uα,β

X−1β
//

X0β
// T // 0
0 // (1 : t)Mα // X
−1
α
//
P.B.
X0α
// T // 0.
where the second row represents Ext2G(T, uα,β)([ǫβ ]). Note that (0 → (1 : t)Mα → X
−1
α → X
0
β →
T → 0)β≤α is a direct system in Ch(G). By passing to the direct limit we get an exact sequence
(Eq.IX) 0 // F // lim
−→β≤α
X−1α // X
0
β
// T // 0
which represents the same element of Ext2G(T, F ) as ǫ. Then the original exact sequence (Eq.VIII)
can be obtained from this one by a finite sequence of diagrams (see [29]):
0 // F // X˜−1 //

X˜0 //

T // 0
0 // F // X¯−1 // X¯0 // T // 0
when taking the associated complexes concentrated in degrees −1 and 0, these pushouts give quasi-
isomorphism. Therefore, the sequence (Eq.IX) gives a complex
· · · // 0 // lim
−→β≤α
X−1α // X
0
β
// 0 // · · ·
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which is isomorphic to X in Ht. Since direct limits in Ht are homotopy colimits, we get that this
last complex is the direct limit in Ht of the complexes (0→ X
−1
α → X
0
β → 0)β≤α all of which are in
fp(Ht) (see Coro. 4.1 and 4.3, and use that fp(Ht) is closed under taking extensions).
Assume now condition (‡). Fix a set S ⊂ fp(G) which generates G and with S[0] ∈ Dc(G), for all
S ∈ S. Let M ∈ Ht be any object, that we identify with a complex
M : · · · −→ 0 −→M−1
d
−→M0 −→ 0 −→ · · ·
concentrated in degrees −1 and 0. As we have seen above, there is no loss of generality in assuming
that H0(M) ∈ T ∩ fp(G). For simplicity, let us put T := H0(M). We shall construct a complex
X : · · · −→ 0 −→ X−1
δ
−→ X0 −→ 0 −→ · · ·
with the Xk in sum(S), and a morphism f : X →M in Ch(G) such that H0(f) : H0(X)→ T is an
isomorphism. For that, fix an epimorphism π :
∐
λ∈Λ Sλ →M
0, with each Sλ in S. Using that T is
finitely generated, we can ensure the existence of a finite subset Λ′ ⊆ Λ such that the composition
X0 :=
∐
λ∈Λ′ Sλ
  u //
∐
λ∈Λ Sλ
pi
// // M0
p
// H0(M) =: T
is an epimorphism, where u is the obvious inclusion. This implies that the pullback of π ◦ u and d
is a bicartesian square, thus yielding a complex
· · · → 0 −→ M˜−1
d˜
−→ X0 −→ 0→ · · ·
which is quasi-isomorphic to M . But note that Im(d˜) ∼= Ker(p ◦ π ◦ u) is a finitely generated object
of G since T ∈ fp(G). Choosing now an epimorphism ρ :
∐
j∈J Sj → M˜
−1 and arguing as above, we
readily obtain a finite subset J ′ ⊆ J such that the composition
X−1 :=
∐
j∈J′ Sj
  u
′
//
∐
j∈J Sj
ρ
// // M˜−1
d˜
// // Im(d˜)
is an epimorphism. Our desired complex X is
X : · · · → 0 −→ X−1 :=
∐
j∈J′
Sj
δ
−→
∐
λ∈Λ′
Sλ = X
0 −→ 0→ · · · ,
where δ := d˜ ◦ ρ ◦ u′. As the complex X is in Ut, the morphism f : X →M factors as a composition
X
h
−→ H0
t
(X)
g
−→ M . Moreover, by explicit construction, H0
t
(X) is (quasi-isomorphic to) the
complex
· · · −→ 0 −→ t(Ker(δ)) →֒ X−1
δ
−→ X0 −→ 0 −→ · · ·
concentrated in degrees −2, −1 and 0. Therefore we also have that H0(g) : H0(H0t (X)) = H
0(X)→
H0(M) = T is an isomorphism. Putting L := H0
t
(X), we know that L ∈ fp(Ht) (see [43, Lem. 6.3
and Prop. 6.1]). We now have a commutative diagram with exact rows in Ht:
0 // H−1(L)[1] //

L //
g

H0(L)[0] //
∼=

0
0 // H−1(M)[1] // M // H0(M)[0] // 0
where the right vertical arrow is an isomorphism. It follows that the left square in the diagram
is bicartesian, and hence that H−1(M)[1] + ImHt(g) = M , where the first member of the equality
denotes the sum of subobjects of M . By taking now an epimorphism ǫ :
∐
φ∈Φ Sφ ։ H
−1(M),
with Sφ ∈ S for all φ ∈ Φ, we get an induced epimorphism
∐
φ∈Φ(1 : t)(Sφ)[1] ։ H
−1(M)[1]
in Ht. But (1 : t)(Sφ)[1] ∈ fp(Ht), for all φ ∈ Φ (see Coro. 4.3). We then get an epimorphism
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(
∐
φ∈Φ(1 : t)(Sφ)[1]) ⊔ L ։ M in Ht whose domain is a coproduct of objects in fp(Ht). Therefore
Ht is locally finitely presented.
(4)⇒(2), assuming condition (†). It follows directly from Lem. 1.13.
(4)⇒(1), assuming condition (‡). In this case, the associated Happel-Reiten-Smalø t-structure is
compactly generated (for this, see [43, Prop. 6.4] and [6, Thm. 2.3]). The result then follows from
one of the main results in [42], which states that the heart of any compactly generated t-structure
is a locally finitely presented Grothendieck category. 
Remark 5.2. In [42] the authors first prove that any compactly generated t-structure has a heart
which is a Grothendieck category, showing then that it is even locally finitely presented, using for both
proofs Krause’s theory of purity in compactly generated triangulated categories (see [23]). Since in
our case, for the proof of “(4)⇒(1)” under condition (‡) we know that our t-structure is compactly
generated from the beginning and that the ambient triangulated category D(G) is the compactly
generated base of a strong and stable derivator, it is possible to give a relatively shorter proof of
the local finite presentability, that we just sketch here. Indeed, let S be a set of representatives of the
iso-classes of objects in Ut ∩D(G)
c, then, by [22, Thm. 12.1], any M ∈ Ht fits into a triangle of the
form ∐
i≥0
Xi −→
∐
i≥0
Xi −→M
+
−→,
where each Xi is an i-fold extension of (small) coproducts of non-negative shifts of objects in S. By
applying the cohomological functor H0
t
, one gets an epimorphism H0
t
(
∐
i≥0Xi)
∼=
∐
i∈I H
0
t
(Xi) ։
H0t (M)
∼=M in Ht, reducing the problem to prove that, when X is a n-fold extension of coproducts
of non-negative shifts of objects in S, the object H0t (X) is an epimorphic image of a coproduct of
objects in fp(Ht). For this one proves, by induction on n ∈ N, that there is a pure epimorphism∐
i∈I Si −→ X, for some family (Si)i∈I in S and, as a consequence, that there is an epimorphism
H0t (
∐
i∈I Si)
∼=
∐
i∈I H
0
t (Si)։ H
0
t (X) in Ht. One concludes by noticing that all the objects of the
form H0
t
(Si) are in fp(Ht) (see [43, Lem. 6.3]).
Note that the assertions (2) and (4) in the above theorem are statements about a torsion pair in
a Grothendieck category so it seems plausible that, under suitable assumptions, there should be a
more direct proof of their equivalence. Hence, the following question naturally arises:
Question 5.3. Suppose that G is a category of modules over a ring or, more generally, over a small
pre-additive category. Is there a just module-theoretic proof of the implication “(4)⇒(2)” in above
theorem? That is, can one find an argument that does not go through assertion (1) and, hence, that
does not use the heavy machinery of purity in triangulated categories and/or of derivators?
6. Locally coherent hearts
In this section we start with a locally finitely presented Grothendieck category G, a torsion pair
t = (T ,F) of finite type in G, and we let Ht be the heart of the associated Happel-Reiten-Smalø t-
structure inD(G). We then study some conditions under whichHt is a locally coherent Grothendieck
category.
6.1. General results. Let G be a Grothendieck category and let X be a full subcategory of G. In
what follows, for a given integer n > 0, let us denote by presn(X ) the full subcategory of G spanned
by those objects N that admit an exact sequence
Xn → · · · → X1 → X0 → N → 0,
where the Xk’s are finite coproducts of objects in X .
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Lemma 6.1. Let G be a locally finitely presented Grothendieck category and let t = (T ,F) be a
torsion pair of finite type in G. Let Q be any quasi-cotilting object such that F = Cogen(Q) =
⊥1Q ∩Cogen(Q) (see Thm. 3.1). Then, the following assertions hold true:
(1) given F ∈ F0 and a direct system (Fi)i∈I in F , the canonical morphism lim−→
Ext1G(F, Fi) →
Ext1G(F, lim−→
Fi) is a monomorphism;
(2) if there is a set X ⊆ F0 such that F0 ⊆ pres2(X ) and Ext
1
G(X, lim−→
Qi) = 0, for all X ∈ X and
all direct systems (Qi)i∈I in Prod(Q), then the the functor Ext
1
G(F,−)|F : F → Ab preserves
direct limits, for all F ∈ F0;
(3) if, in the situation of assertion (2), F is in addition a generating class, then F0 = F ∩ fp(G).
Proof. (1) Consider the functor ΨQ : G → G and the natural transformation ι : idG ⇒ ΨQ defined in
(Eq.I). Notice that, if F ′ ∈ F , then ιF ′ : F
′ → ΨQ(F
′) is a monorphism and C′ := Coker(ιF ′) ∈
⊥1Q,
so that C′ ∈ ⊥1Q ∩ Cogen(Q) = F . Consider the following short exact sequences in G:
(0→ Fi
ιFi−→ ΨQ(Fi)→ Ci := Coker(ιFi)→ 0)i∈I , 0→ lim−→
Fi → lim−→
ΨQ(Fi)→ lim−→
Ci → 0.
Applying the functor G(F,−) : G → Ab, we get the following commutative diagram with exact rows:
lim
−→
G(F,ΨQ(Fi)) //
f1

lim
−→
G(F,Ci) //
f2

lim
−→
Ext1G(F, Fi) //
f3

0

G(F, lim
−→
ΨQ(Fi)) // G(F, lim−→
Ci)
α
// Ext1G(F, lim−→
Fi)
β
// Ext1G(F, lim−→
ΨQ(Fi)),
where the maps f1, f2 and f3 are given by the universal property of colimits. Note that β ◦ f3 = 0,
so there exists λ : lim
−→
Ext1G(F, Fi)→ Im(α) such that ια ◦λ = f3, where ια : Im(α)→ G(F, lim−→
Fi) is
the inclusion. Furthermore, since F is finitely presented, we know that f1 and f2 are isomorphisms.
By the Snake Lemma, we deduce that λ is an iso, so the result follows from the equality ια ◦λ = f3.
(2) Given X ∈ X and a direct system (Fi)i∈I in F , one can construct, as in the proof of part (1),
the following commutative diagram with exact rows:
lim
−→
G(X,ΨQ(Fi)) //
f1

lim
−→
G(X,Ci) //
f2

lim
−→
Ext1G(X,Fi)
//
f3

0

G(F, lim
−→
ΨQ(Fi)) // G(X, lim−→
Ci)
α
// Ext1G(X, lim−→
Fi)
β
// Ext1G(X, lim−→
ΨQ(Fi)).
Furthermore, by our hypotheses, Ext1G(X, lim−→
ΨQ(Fi)) = 0 so that the map f3 is now not just a
monomorphism as in part (1), but it is actually an isomorphism.
Consider now an object F ∈ F0. Since F0 ⊆ pres2(X ), we have an exact sequence
X2
f
−→ X1
g
−→ X0
p
−→ F → 0,
where the Xk are in sum(X ). It immediately follows that F
′ := Im(g) ∈ F0. We then consider the
induced exact sequence
0→ F ′ −→ X0
p
−→ F → 0.
The corresponding exact sequence 0 → F ′[1] → X0[1]
p[1]
−→ F [1] → 0 in Ht has its terms in fp(Ht).
When applying the exact sequence of Ext-functors in Ht to this sequence, after suitable identifica-
tions, we obtain the following exact sequence of functors F → Ab
F(X0,−) −→ F(F
′,−) −→ Ext1G(F,−)↾F −→ Ext
1
G(X0,−)↾F −→ Ext
1
G(F
′,−)↾F .
By the definition of F0, the first and the second functor in this sequence preserve direct limits. Fur-
thermore, the fourth functor in this sequence preserves direct limits by the argument in the previous
30 CARLOS PARRA, MANUEL SAORI´N, AND SIMONE VIRILI
paragraph, while the canonical morphism lim
−→
Ext1G(F
′, Fi)→ Ext
1
G(F
′, lim
−→
Fi) is a monomorphism,
for all direct systems (Fi)i∈I in F , by part (1). Now, by the Snake Lemma, we obtain tha that
Ext1G(F,−)↾F preserves direct limits.
(3) Let us introduce a construction dual to that of the functor ΨY , defined in (Eq.I). Indeed, given
an object Y in Ob(G), we let
ΦY : G → G
be the composition of three functors: first the covariant hom-functor G(Y,−) : Gop → Ab, then the
forgetful functor | − | : Ab → Set, and finally the functor Y (−) : Setop → G, mapping a set S to the
coproduct Y (S). Then the composition ΦY := Y
(−) ◦ | − | ◦ G(Y,−) is a covariant, not in general
additive, functor G → G, that comes together with a natural transformation ρ : ΦY ⇒ idG , where
ρ : ΦY (G) → G is the codiagonal morphism of all the φ ∈ G(Y,G), for all G ∈ Ob(G). Note that ρ
is epimorphic if and only if the object Y generates G.
Now, given a set Y ⊆ Ob(G), we define
ΦY : G → G such that ΦY(G) :=
∐
Y ∈Y
ΦY (G),
to be the coproduct of all the functors ΦY with Y ∈ Y. Of course, this functor comes together with
a natural transformation π : ΦY ⇒ idG that is epimorphic if Y is a generating class in G.
Consider now any direct system (Mi)i∈I in G and consider the following short exact sequences
(0→ Ki := Ker(πMi)→ ΦX (Mi)
piMi−→Mi → 0)i∈I , 0→ lim−→
Ki → lim−→
ΦX (Mi)→ lim−→
Mi → 0.
Note that Kj and ΦX (Mj) are in F , for all j ∈ I, as so are lim−→
Ki and lim−→
ΦX(Mi). Moreover, for
each F ∈ F0, we obtain the following commutative diagram with exact rows:
0 // lim
−→
G(F,Ki) //
f1

lim
−→
G(F,ΦX (Mi)) //
f2

lim
−→
G(F,Mi) //
f3

lim
−→
Ext1G(F,Ki) //
f4

lim
−→
Ext1G(F,ΦX (Mi))
f5

0 // G(F, lim
−→
Ki) // G(F, lim−→
ΦX (Mi)) // G(F, lim−→
Mi) // Ext
1
G(F, lim−→
Ki) // Ext
1
G(F, lim−→
ΦX (Mi)).
By the definition of F0 and assertion (2), the maps f1, f2, f4, and f5 are isomorphisms. By the Five
Lemma, also f3 is an iso, so that F ∈ fp(G), proving that F0 ⊆ F ∩ fp(G), the converse inclusion
being obvious. 
Theorem 6.2. Let G be a locally finitely presented Grothendieck category, let t = (T ,F) be a torsion
pair of finite type in G, let Ht be the heart of the associated Happel-Reiten-Smalø t-structure in D(G)
and let Q be any quasi-cotilting (or cosilting) object of G such that F = Cogen(Q) ∩ ⊥1Q.
Consider the following assertions:
(1) Ht is locally coherent;
(2) Ht is locally finitely presented and, for some (resp., every) set S of finitely presented generators
of G, the following two conditions hold:
(2.1) given any short exact sequence in G of the form
0→ K →
n∐
i=1
(1 : t)(Si)→ F → 0,
with F ∈ F0 and Si ∈ S for all i = 1, . . . , n, we have that K ∈ F0;
(2.2) given S ∈ S and a direct system (Eλ)λ∈Λ in Ch(G), where the Eλ’s are injective in Ht,
D(G)
(
(1 : t)(S)[0], lim
−→
Ch(G)
Eλ
)
= 0;
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(3) Ht is locally finitely presented and, for some (resp., every) set S of finitely presented generators
of G, the following conditions hold:
(3.1) given any short exact sequence in G of the form
0→ K →
n∐
i=1
(1 : t)(Si)→ F → 0,
with F ∈ F0 and Si ∈ S for all i = 1, . . . , n, we have that K ∈ F0;
(3.2) given S ∈ S and a direct system (Qλ)λ∈Λ in Prod(Q),
Ext1G((1 : t)(S), lim−→
Qλ) = 0;
(3.3) the functor G((1 : t)(S),−) : G → Ab preserves direct limits of objects in T .
Then the following implications hold true:
– (1)⇒(2)⇒(3);
– (3)⇒(2) holds when the following extra condition is satisfied:
(•) the following canonical map is a monomorphism
lim
−→
Ext2G((1 : t)(S), Qλ) −→ Ext
2
G((1 : t)(S), lim−→
Qλ),
for all S ∈ S and all direct systems (Qλ)λ∈Λ in Prod(Q);
– (2)⇒(1) holds when the ambient category G is locally coherent.
Proof. (1)⇒(2). Any short exact sequence as in (2.1) yields an exact sequence
0→ K[1] −→
n∐
i=1
(1 : t)(Si)[1]
p[1]
−→ F [1]→ 0
in Ht, and the local coherence of Ht gives that K[1] ∈ fp(Ht) since F [1] and the (1 : t)(Si)[1] are in
fp(Ht). It then follows that K ∈ F0, proving (2.1). In order to verify condition (2.2), let S ∈ S and
let (Eλ)λ∈Λ be a direct limit in Ch(G) as in the statement, viewed as an object of D(G
Λ). Consider
the derived functor HocolimΛ : D(G
Λ)→ D(G) of the Λ-colimit functor; since direct limits are exact
in G, HocolimΛEλ is isomorphic in D(G) to lim−→Ch(G)
Eλ and, computing cohomologies, it is easy to
see that this object belongs in Ht. Hence, by [43, Lem. 5.7], this object represents a colimit in Ht.
To conclude, consider the following series of isomorphisms:
D(G)((1 : t)S[0], lim−→Ch(G)
Eλ)
(∗)
∼= Ext1Ht((1 : t)S[1], lim−→Ht
Eλ)
(∗∗)
∼= lim−→
Ext1Ht((1 : t)S[1], Eλ)
( ∗∗∗)
= 0,
where (∗) holds by the above discussion and [4, Rem. 3.1.17], (∗∗) holds since Ht is locally coherent
and F [1] is finitely presented, while
(
∗
∗∗
)
is true since each Eλ is injective in Ht.
(2)⇒(3). Let (Qλ)λ∈Λ be a direct system in Prod(Q), and fix a (minimal) injective cogenerator E
of Ht. Put now Eλ := E
Ht(Qλ[1],E) for each λ ∈ Λ, and consider the induced direct system of short
exact sequences in Ht:
(Eq.X) (0→ Qλ[1] →֒ Eλ −→ Nλ → 0)λ∈Λ.
Reverting the argument of the second paragraph of the proof of implication “(1)⇒(2)”, we can
assume without loss of generality that (Eλ)λ∈Λ is a direct system in Ch(G) and that lim−→Ch(G)
Eλ ∼=
lim
−→Ht
Eλ, with the obvious abuse of notation. Then, condition (2.2) implies that
Ext1Ht
(
(1 : t)(S)[1], lim
−→
Ht
Eλ
)
= 0.
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Putting S¯ := (1 : t)(S) for simplicity, it is not difficult to obtain from (Eq.X) the following commu-
tative diagram with exact rows:
lim
−→
Ht(S¯[1], Eλ) //
f1

lim
−→
Ht(S¯[1], Nλ) //
f2

lim
−→
Ext1Ht(S¯[1], Qλ[1])
//
f3

0
Ht(S¯[1], lim−→
Eλ) // Ht(S¯[1], lim−→
Nλ) // Ext
1
Ht(S¯[1], lim−→
(Qλ[1])) // 0.
Since S¯[1] ∈ fp(Ht), f1 and f2 are isomorphisms and, by the universal property of cokernels, we get
that f3 is an iso. But Ext
1
Ht(S¯[1], Qλ[1])
∼= Ext1G(S¯, Qλ) = 0, for all λ ∈ Λ, because S¯ ∈ F ⊂
⊥1Q.
Bearing in mind that lim
−→Ht
(Qλ[1]) ∼= (lim−→
Qλ)[1] (see [33, Prop. 4.2(2)]), we conclude that
0 = Ext1Ht
(
S¯[1], lim
−→
Ht
(Qλ[1])
)
∼= Ext1G(S¯, lim−→
Qλ),
so that condition (3.2) holds true. On the other hand, since Ext1Ht(S¯[1],−) vanishes on direct limits
of injective objects in Ht, Lem. 1.2 tells us that Ext
1
Ht(S¯[1],−) : Ht → Ab preserves direct limits.
In particular, if (Ti)i∈I is a direct system in T , the canonical morphism
lim
−→
Ext1Ht(S¯[1], Ti[0])
∼= lim−→
G(S¯, Ti) −→ G(S¯, lim−→
Ti) ∼= Ext
1
Ht(S¯[1], (lim−→
Ti)[0])
is an isomorphism, bearing in mind that lim
−→Ht
(Ti[0]) ∼= (lim−→
Ti)[0]. Therefore, condition (3.3) also
holds true.
(3)⇒(2) assuming that condition (•) holds true. We just need to verify condition (2.2). Indeed,
a direct system (Eλ)λ∈Λ in Ch(G) such that each Eλ is an injective object of Ht, induces a direct
system of short exact sequences in Ht:
(0→ H−1(Eλ)[1]→ Eλ → H
0(Eλ)[0]→ 0)λ∈Λ,
where (H−1(Eλ))λ∈Λ and (H
0(Eλ))λ∈Λ are direct system in Prod(Q) and T , respectively; here we
have used that H−1↾Ht : Ht → Ab preserves products, so that H
−1(Eλ) ∈ Prod(H
−1(E)) = Prod(Q)
(see [36]). Let now S ∈ S and let S¯ := (1 : t)(S). Bearing in mind that Ext1Ht(S¯[1],−) vanishes
on all H−1(Eλ) and, by condition (3.2), also on lim−→
H−1(Eλ), and that Ext
k
Ht(F [1],−) vanishes on
all Eλ, for all F ∈ F0 and all k > 0, we have the following commutative diagram, where the upper
horizontal arrow is an isomorphism and where the lower row is exact:
lim
−→
Ext1Ht(S¯[1], H
0(Eλ)[0])
∼
//
≀

lim
−→
Ext2Ht(S¯[1], H
−1(Eλ)[1])
η

0 // Ext1Ht(S¯[1], lim−→
Eλ) // Ext
1
Ht(S¯[1], (lim−→
H0(Eλ))[0])
ξ
// Ext2Ht(S¯[1], (lim−→
H−1(Eλ))[1])
By condition (3.3), we know that the left vertical arrow is an isomorphism. To verify condition (2.2)
we then just need to prove that ξ is a monomorphism, which is equivalent to proving that η is a
monomorphism. But, due to [4, Rem. 3.1.17], we have the following commutative diagram, where
the horizontal arrows are monomorphism:
lim
−→
Ext2Ht(S¯[1], H
−1(Eλ)[1])
  //
η

lim
−→
Ext2G(S¯, H
−1(Eλ))

Ext2Ht(S¯[1], (lim−→
H−1(Eλ))[1])
  // Ext2G(S¯, lim−→
H−1(Eλ))
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and, by (•), the right vertical arrow is also a mono. Therefore η is a monomorphism, as desired.
(2)⇒(1) assuming that G is locally coherent. Consider the following class:
X := {X ∈ fp(Ht) : Ext
1
Ht(X,−) commutes with direct limits}.
By Lem. 1.5, we have just to check that X = fp(Ht). By Lem. 1.2, the class X is closed under
extensions in fp(Ht) and, since fp(Ht) = F0[1] ∗ (T ∩ fp(G))[0] (see Lem. 4.7), we are reduced to
verify the following inclusions:
(i) (T ∩ fp(G))[0] ⊆ X ;
(ii) F0[1] ⊆ X .
Bearing in mind our arguments in implications “(2)⇒(3)” and “(3)⇒(2)”, and Lem. 1.2, in order to
prove the inclusion (i) we just need to check that if T ∈ T ∩ fp(G) and (Eλ)λ∈Λ is a direct system
as in (2.2), then Ext1Ht(T [0], lim−→
Eλ) = 0. For this, as in the proof of implication “(3)⇒(2)”, we
consider the following induced direct system of exact sequences in Ht
(0→ H−1(Eλ)[1] −→ Eλ −→ H
0(Eλ)[0]→ 0)λ∈Λ.
We claim that the induced map
ψ : Ext2G(T, lim−→
H−1(Eλ)) ∼= Ext
1
Ht(T [0], lim−→
Ht
(H−1(Eλ)[1]) −→ Ext
1
Ht(T [0], lim−→
Ht
Eλ)
is the zero map. Indeed, due to the local coherence of G, the canonical map
lim
−→
Ext2G(T,H
−1(Eλ)) −→ Ext
2
G(T, lim−→
H−1(Eλ))
is an isomorphism (see Proposition 1.7) . Then ψ is conjugated to the canonical composition
lim
−→
Ext2G(T,H
−1(Eλ)) ∼= lim−→
Ext1Ht(T [0], H
−1(Eλ)[1]) −→ lim−→
Ext1Ht(T [0], Eλ) = 0 −→ Ext
1
Ht(T [0], lim−→
Ht
Eλ).
With the obvious identifications, we then have an exact sequence
0→ Ext1Ht(T [0], lim−→
Ht
Eλ) −→ Ext
1
G(T, lim−→
H0(Eλ))
β
−→ Ext2Ht(T [0], lim−→
Ht
(H−1(Eλ)[1]).
To conclude, one just needs to check that β is a monomorphism. For that, consider the following
commutative square:
lim
−→
Ext1G(T,H
0(Eλ))
α
// //
∼=

lim
−→
Ext2Ht(T [0], H
−1(Eλ)[1])
γ

Ext1G(T, lim−→
H0(Eλ))
β
// Ext2Ht(T [0], lim−→Ht
(H−1(Eλ)[1]))
Due to the local coherence of G and the fact that T ∈ fp(G), the left vertical arrow is an isomorphism.
Furthermore, α is a monomorphism since we have an exact sequence
0 = lim
−→
Ext1Ht(T [0], Eλ) −→ lim−→
Ext1G(T,H
0(Eλ))
α
−→ lim
−→
Ext2Ht(T [0], H
−1(Eλ)[1]).
To conclude that β is a monomorphism it is then enough to show that γ is a monomorphism. For
that, note that by [4, Rem. 3.1.17], there is an embedding
Ext2Ht(T [0], (lim−→
H−1(Eλ))[1]) →֒ D(G)(T [0], (lim−→
H−1(Eλ))[3]) ∼= Ext
3
G(T, (lim−→
H−1(Eλ))[3]).
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Consider then the following commutative square:
lim
−→
Ext2Ht(T [0], (H
−1(Eλ))[1])
γ

  // lim
−→
Ext3G(T, (H
−1(Eλ))[3])
∼=

Ext2Ht(T [0], (lim−→
H−1(Eλ))[1])
  // Ext3G(T, (lim−→
H−1(Eλ))[3]),
where the horizontal arrows are monomorphisms by the above argument, while the right vertical
arrow is an iso since T ∈ fp(G) and since we are assuming G to be locally coherent.
It remains to verify the inclusion (ii), that is, that F0[1] ⊆ X . By Lem. 1.2, this amounts to prove
that, for all F ∈ F0,
0 = Ext1Ht(F [1], lim−→Ht
Eλ) ∼= D(G)(F [0], lim−→Ht
Eλ).
By condition (2.2), this is the case when F ∈ add((1 : t)(S)). For a general F ∈ F0, the fact that S
is a set of generators of G, together with condition (2.1), gives an exact sequence
0→ F ′ −→
n∐
i=1
S¯i
p
−→ F → 0,
where F ′ ∈ F0, S¯i := (1 : t)(Si) and Si ∈ S, for all i = 1, . . . , n, which, in turn, induces the following
short exact sequence in Ht:
0→ F ′[1] −→
n∐
i=1
S¯i[1]
p[1]
−→ F [1]→ 0.
Bearing in mind that Ext1Ht(
∐n
i=1 S¯i[1], Eµ) = 0 = Ext
1
Ht(
∐n
i=1 S¯i[1], lim−→Ht
Eλ), for all µ ∈ Λ, we
get the following commutative diagram with exact rows
lim
−→
Ht(
∐n
i=1 S¯i[1], Eλ)
//
f1

lim
−→
Ht(F
′[1], Eλ) //
f2

lim
−→
Ext1Ht(F [1], Eλ)
//
f3

0
Ht(
∐n
i=1 S¯i[1], lim−→Ht
Eλ) // Ht(F
′[1], lim
−→Ht
Eλ) // Ext
1
Ht(F [1], lim−→Ht
Eλ) // 0
The maps f1 and f2 are isomorphisms since F
′[1] and the S¯i[1] are in fp(Ht). Then, f3 is also an
iso and so 0 = lim
−→
Ext1Ht(F [1], Eλ)
∼= Ext1Ht(F [1], lim−→Ht
Eλ), as desired. 
Remark 6.3. (1) Under either of hypotheses (†) or (‡) of Thm. 5.1, one can replace the condition
“Ht is locally finitely presented” by “t is generated by finitely presented objects” in assertions
(2) and (3) of Thm. 6.2.
(2) In the proof of the implication “(2)⇒(1)” in Thm. 6.2, we have not used the full strength of
the local coherence of G. In fact, the same argument also works if we assume that, for each
T ∈ T ∩fp(G), the functor Ext1G(T,−) : G → Ab preserves direct limits and that, when (Fλ)λ∈Λ is
any direct system in F , the canonical map lim
−→
ExtkG(T, Fλ)→ Ext
k
G(T, lim−→
Fλ) is an isomorphism
for k = 2 and a monomorphism for k = 3 (compare this with condition (†) in Thm. 5.1).
(3) When G is locally finitely presented and t is a torsion pair such that Ht a locally coherent
Grothendieck category, then t restricts to fp(G) if, and only if, there is a set S of finitely presented
generators of G such that t(S) ∈ fp(G), for all S ∈ S. Indeed if such an S exists, then (1 : t)(S) ⊆
fp(G) and condition condition (2.1) (or, equivalently, (3.1)) of Thm. 5.1 implies that F0 ⊆ fp(G),
which exactly means that t restricts to fp(G).
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As an easy consequence of Rem. 6.3(3), we obtain the following:
Corollary 6.4. Let R be a ring and t = (T ,F) be a torsion pair in Mod-R such that heart of
the associated Happel-Reiten-Smalø t-structure is a locally coherent Grothendieck category. Then, t
restricts to mod-R := fp(Mod-R) if, and only if, t(R) is a finitely generated right ideal of R.
6.2. When the tilted torsion pair restricts to finitely presented objects. We start with the
following general criterion for the heart of a Happel-Reiten-Smalø t-structure to be locally coherent:
Theorem 6.5. Let G be a locally finitely presented Grothendieck category and let t = (T ,F) be a
torsion pairof finite type in G. Then, the following assertions are equivalent:
(1) Ht is locally coherent and T0 = T ∩ fp(G) (see Def. 4.4);
(2) Ht is locally coherent and the tilted torsion pair t¯ = (F [1], T [0]) restricts to fp(Ht);
(3) Ht is locally finitely presented, the tilted torsion pair t¯ = (F [1], T [0]) restricts to fp(Ht) and the
following conditions hold true:
(3.1) for each morphism f : F → F ′ in F0, one has Ker(f) ∈ F0 and t(Coker(f)) ∈ fp(G);
(3.2) for each morphism g : T → T ′ in T ∩ fp(G), one has t(Ker(g)) ∈ fp(G);
(3.3) for each exact sequence 0 → F → K → T → 0 with F ∈ F0, T ∈ T ∩ fp(G), one has
t(K) ∈ fp(G).
Proof. Note that it follows from Lemma 4.6 that, in any of assertions (2) or (3), the equality T ∩fp(G)
also holds. So we can and shall assume this equality all through the proof.
(1)⇒(2). Let us take M ∈ fp(G). By Coro. 4.1 and 4.5, we know that H0(M)[1] ∈ fp(Ht). The local
coherence of Ht then gives that H
−1(M)[1] ∈ fp(Ht), so t¯ restricts to fp(Ht).
(2)⇒(1) follows from the first paragraph of this proof.
(1,2)⇔(3). In both assertions we have that t¯ restricts to fp(Ht) and Ht is locally finitely presented.
We are then in the situation of Prop. 1.15 and we deduce that Ht is locally coherent if and only if
the following conditions hold true:
(i) morphisms in F [1] ∩ fp(Ht) = F0[1] have kernel in fp(Ht);
(ii) morphisms in fp(Ht) with domain in (T ∩ fp(G))[0] = and codomain in (T ∩ fp(G))[0] ∪ F0[1]
have kernel in fp(Ht).
Let us verify that these conditions are in fact equivalent to (3.1)–(3.3):
(i)⇔(3.1). Any morphism in F0[1] is of the form f [1] : F [1]→ F
′[1], for some morphism f : F → F ′
in F0. By the explicit construction of kernels in Ht (see the discussion at the end of Sec. 2.2), we
know that Z := KerHt(f [1]) is a complex of objects in F , concentrated in degrees −1 and 0, such
that H−1(Z) = Ker(f) and H0(Z) = t(Coker(f)). Now, the fact that t¯ restricts to fp(Ht) tells us
that Z ∈ fp(Ht) if, and only if, Ker(f)[1] and t(Coker(f))[0] are in fp(Ht). By Coro. 4.5, Coro. 4.3
and the equality T0 = T ∩ fp(G), this happens exactly when condition (3.1) holds.
(ii)⇔(3.2, 3.3). Similarly, a morphism in (T ∩ fp(G))[0] is of the form g[0] : T [0]→ T ′[0], for some
morphism g : T → T ′ in T ∩ fp(G). Now, KerHt(g[0])
∼= t(Ker(g))[0] and so KerHt(g[0]) ∈ fp(Ht)
if, and only if, condition (3.2) holds. Finally, let us consider a morphism h : T [0]→ F [1] in fp(Ht),
where T [0] ∈ (T ∩ fp(G))[0] and F [1] ∈ F0[1]. This morphism is represented by an extension in G
of the form 0→ F → K → T → 0. By Lem. 2.5, KerHt(h)
∼= t(K)[0], so this object does belong in
fp(Ht) if and only if t(K) ∈ fp(G). 
When we assume that G is a locally coherent Grothendieck category, Thm. 6.5 can be re-stated
in a simpler form, that can be further simplified in case the torsion pair t is hereditary:
Corollary 6.6. Let G be a locally coherent Grothendieck category and let t = (T ,F) be a torsion
pair in G. The following assertions are equivalent:
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(1) Ht is a locally coherent Grothendieck category;
(2) t is generated by finitely presented objects and it satisfies conditions (3.1–3.3) of Thm.6.5;
When, in addition, the torsion pair t is hereditary, these assertions are also equivalent to:
(3) t is of finite type and it satisfies condition (3.1) of Thm.6.5.
Proof. (1)⇔(2). Since G is locally coherent we know that T ∩ fp(G) = T0 and that t¯ = (F [1], T [0])
restricts to fp(Ht) (see Lem. 4.7). On the other hand, condition (†) of Thm.5.1 hold, so that Ht
is locally finitely presented if, and only if, t is generated by finitely presented objects. Then the
equivalence of (1) and (2) in the statement is a particular case of the equivalence of assertions (1)
and (3) in Thm. 6.5.
(2)⇒(3) is clear.
(3)⇒(2). Condition (3.2) of Thm. 6.5 is automatic in this case since, given a morphism g : T → T ′
in T ∩ fp(G) we have that Ker(g) ∈ T since t is hereditary, and Ker(g) ∈ fp(G) due to the local
coherence of G. In order to verify condition (3.3) of Thm. 6.5, consider a short exact sequence in G
0 // F
u
// K // T // 0,
where F ∈ F0 and T ∈ T ∩ fp(G) = T0. The composition u¯ : F→K → (1 : t)(K) := F
′ of u with the
obvious projection f : K → (1 : t)K, has kernel Ker(u¯) = F ∩ t(K), which is the zero object since
it belongs in T ∩ F . Therefore, u¯ is a monomorphism. We then have a commutative diagram with
exact rows, where the central vertical arrow is the projection and the square on the right-hand-side
is bicartesian:
0 // F
u
// K
v
//
f


•
T //
p


0
0 // F
u
// F
′ v
// T
′
•
// 0.
In particular, t(K) = Ker(f) ∼= Ker(p). We obtain an exact sequence 0→ T ′[0]→ F [1]→ F ′[1]→ 0
in Ht. On the other hand, being t hereditary, we know that p[0] : T [0] → T
′[0] is an epimorphism
in Ht. We then get an exact sequence T [0] → F [1] → F
′[1] → 0, where T [0], F [1] ∈ fp(Ht). It
then follows that F ′[1] ∈ fp(Ht) or, equivalently, that F
′ ∈ F0. But, applying condition (3.1) of
Thm.6.5 to the morphism u¯ : F → F ′, we conclude that Coker(u¯) = T ′ ∈ T ∩ fp(G). It follows that
Ker(p) ∼= t(K) is finitely presented in G since T and T ′ are in fp(G) and G is locally coherent. 
6.3. When the torsionfree class is generating. Recall that a class X is said to be generating
in G if any object of G is a quotient of an object in X . It was proved in [33, Prop. 5.7] that, for a
torsion pair t = (T ,F) for which F is a generating class in a locally finitely presented Grothendieck
category G, the following assertions are equivalent:
• the heart Ht of the associated Happel-Reiten-Smalø t-structure is a Grothendieck category;
• t is of finite type;
• t is (strong) cotilting.
In the following theorem we study the local coherence of the heart of a Happel-Reiten-Smalø t-
structure associated with a torsion pair t = (T ,F) of finite type, for which the class F is generating.
By the above result, all these torsion pairs are strong cotilting. On the other hand, if we add the
hypothesis that products are exact in G (e.g., when G = Mod-A is a category of modules over a small
preadditive category) then, by [33, Lem. 5.6] also the converse is true: for every cotilting torsion pair
of finite type t = (T ,F), the class F is generating.
Theorem 6.7. Let G be a locally finitely presented Grothendieck category, let t = (T ,F) be a torsion
pair such that F is a generating class in G and let Q be a (strong) cotilting object of G such that
F = Cogen(Q). Consider the following statements:
LOCALLY FINITELY PRESENTED AND COHERENT HEARTS 37
(1) Ht is locally coherent;
(2) Ht is locally finitely presented and, for some (resp., every) set S of finitely presented generators
of G, the following two conditions hold:
(2.1) Ext1G((1 : t)(S), lim−→
Qi) = 0, for all S ∈ S and all direct systems (Qi)i∈I in Prod(Q);
(2.2) given any short exact sequence in G of the form
0→ K →
n∐
i=1
(1 : t)(Si)→ F → 0,
with F ∈ F0 and Si ∈ S for all i = 1, . . . , n, we have that K ∈ F0;
(3) there is a set X of finitely presented generators of G such that the following two conditions hold:
(3.1) X ⊆ F and Ext1G(X, lim−→
Qi) = 0, for all X ∈ X and all direct systems (Qi)i∈I in Prod(Q);
(3.2) given any short exact sequence in G of the form
0→ K →
n∐
i=1
Xi → F → 0,
with F ∈ F0 and Xi ∈ X for all i = 1, . . . , n, we have that K ∈ F0;
(4) F0 ⊂ fp(G), F0 is closed under taking kernels of epimorphisms and, for each F ∈ F0, the functor
Ext1G(F,−) : G → Ab preserves direct limits of objects in F ;
(5) t is generated by finitely presented objects and, for some (resp., every) set S of finitely presented
generators of G, conditions (2.1) and (2.2) hold.
Then, the implications (1)⇒(2)⇒(3)⇔(4)⇒(5) hold true and, when the equivalent conditions (3)
and (4) hold, t restricts to fp(G). Furthermore, when either of the conditions (†) or (‡) of Thm. 5.1
holds, all the assertions (1–5) are equivalent.
Proof. By [33, Sec. 5], we know that Q[1] is an injective cogenerator of Ht such that, for each set I,
the product of I copies of Q[1] in Ht is precisely the stalk complex Q
I [1].
(1)⇒(2). This is a particular case of implication (1)⇒(2) in Thm. 6.2.
(2)⇒(3). Conditions (2.1) and (2.2) allow us to apply Lem. 6.1, with X = (1 : t)(S), which implies
that X ⊆ F0 = F ∩ fp(G).
(3)⇒(4). By Lem. 6.1, we know that F0 ⊆ fp(G) and that Ext
1
G(F,−) preserves direct limits of
objects in F , for all F ∈ F0. Furthermore, given an epimorphism q : F ։ F
′ with F, F ′ ∈ F0, we
have to verify that Ker(q) ∈ F0. Indeed, choose an epimorphism p :
∐n
i=1Xi −→ F , with the Xi’s
in X ; we then get an exact sequence 0 → Ker(p) → Ker(q ◦ p) → Ker(q) → 0. But Ker(p) and
Ker(q ◦ p) are in F0 due to condition (3.2), so that Ker(q) ∈ F0, as desired.
(4)⇒(3). Since F is a generating class, F0 is a (skeletally small) class of finitely presented generators
of G. We then take as X a set of representatives of the iso-classes of objects in F0. Such X clearly
satisfies condition (3.2) and, since F = ⊥1Q, it also satisfies condition (3.1).
(3=4) implies that t restricts to fp(G). Choose a set X ⊂ fp(G) as in part (3). Then, condition (3.2)
implies that F0 ⊆ Pres(X ) ⊆ fp(G). We then have that fp(G) = Pres(X ). Take now N ∈ fp(G) and
fix an exact sequence
X ′
f
−→ X
p
−→ N → 0,
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where X ′, X ∈ X . Taking the pullback of p and the inclusion ι : t(N)→ N , we get a commutative
diagram with exact rows and columns:
X ′

X ′
f

0 // F
P.B.

// X

// (1 : t)(N) // 0
0 // t(N) // N // (1 : t)(N) // 0
By condition (3.2) we know that F ∈ F0 so that we get an exact sequence X
′ → F → t(N) → 0,
where X ′, F ∈ fp(G). It follows that t(N) ∈ fp(G) and hence t restricts to fp(G).
(4)⇒(5). The fact that t restricts to fp(G), implies that t is generated by finitely presented objects.
Indeed if T ∈ T is expressed as T ∼= lim−→
(Mλ), where the Mλ are in fp(G), then T ∼= lim−→
t(Mλ) and
all the t(Mλ) are in T ∩ fp(G).
If now S is any set of finitely presented generators of G, then (1 : t)(S) ⊂ fp(G). Then condition
2.2 holds due to closedness of F0 under kernels of epimorphisms and condition 2.1 holds since
Ext1G(F,−) preserves direct limits of objects in F , for all F ∈ F0.
(5)⇒(2) assuming either condition (†) or (‡) of Thm. 5.1. It directly follows from Thm. 5.1.
(2)⇒(1) assuming either condition (†) or (‡) of Thm. 5.1. According to Prop. 1.7, we need to prove
that Ext1Ht(M, (lim−→
Qi)[1]) = 0, for all M ∈ fp(Ht) and all direct systems (Qi)i∈I in Prod(Q).
By Lem. 6.1, we know that this is true when M = F [1], with F ∈ F0. We next prove that
Ext2G(X, lim−→
Qi) = 0, and hence Ext
2
Ht(X [1], (lim−→
Qi)[1]) = 0 (see [4, Remarque 3.1.17]), for all
direct systems (Qi)i∈I in Prod(Q) and all X ∈ add((1 : t)S). Indeed, since F is generating, it is
easy to see that each element [ǫ] ∈ Ext2G(X, lim−→
Qi) is represented by an exact sequence
ǫ : 0→ lim
−→
Qi −→ F
′ f−→ F
p
−→ X → 0,
where F, F ′ ∈ F . Since F is a direct limit of objects of F0, we can fix an epimorphism
q :
∐
j∈J
(1 : t)(Sj)։ F,
with Sj ∈ S, for all j ∈ J . Since X is clearly a finitely generated object we can choose a finite subset
J ′ ⊆ J such that the following obvious composition is an epimorphism:
ρ : X ′ :=
∐
j∈J′
(1 : t)(Sj)
ι
→֒
∐
j∈J
(1 : t)(Sj)
q
−→ F
p
−→ X.
By taking the pullback of f and q ◦ ι we readily gets an exact sequence
ǫ′ : 0→ lim
−→
Qi −→ F˜
′ −→ X ′
ρ
−→ X → 0
which also represents [ǫ]. By condition (2.2), Ker(ρ) ∈ F0 and so Ext
1
G(Ker(ρ), lim−→
Qi) = 0. There-
fore, [ǫ] = 0 and Ext2G(X, lim−→
Qi) = 0.
Finally, let us prove that Ext1Ht(M, (lim−→
Qi)[1]) = 0, for an arbitraryM ∈ fp(Ht). Indeed, identify
M with a complex
M : · · · −→ 0 −→M−1
d
−→M0 −→ 0 −→ · · ·
concentrated in degrees −1 and 0. Since H0(M) ∈ fp(G), by an argument similar to that of the
previous paragraph, we have a morphism v : X ′ → M0, with X ′ is a finite coproduct of objects
LOCALLY FINITELY PRESENTED AND COHERENT HEARTS 39
of (1 : t)(S), such that the composition X
v
−→ M0 ։ H0(M) is an epimorphism. By taking the
pullback of d and v, we obtain a complex
· · · −→ 0 −→ F
δ
−→ X ′ −→ 0 −→ · · ·
which is quasi-isomorphism to M . Note that F ∈ F since Im(δ) ⊆ X ′ ∈ F0 ⊂ F and Ker(δ) ∼=
H−1(M) ∈ F . Moreover, we also have a triangle M → F [1] → X ′[1] → M [1] in D(G) with its
three terms in Ht, which induces a short exact sequence 0→ M → F [1]→ X
′[1]→ 0 in Ht whose
outer terms are in fp(Ht). It follows that F [1] ∈ fp(Ht), equivalently F ∈ F0. Taking now any
direct system (Qi)i∈I in Prod(Q) and applying the exact sequence of Ext
∗
Ht(−, (lim−→
Qi)[1]) to the
last exact sequence, we get
0 = Ext1Ht(F [1], (lim−→
Qi)[1]) −→ Ext
1
Ht(M, (lim−→
Qi)[1]) −→ Ext
2
Ht(X
′[1], (lim
−→
Qi)[1]) = 0.
Therefore, Ext1Ht(M, (lim−→
Qi)[1]) = 0, as desired. 
6.4. Locally coherent hearts in module categories and elementary cogenerators. In this
final subsection we specialize and improve some of the results about the local coherence of the heart
of an Happel-Reiten-Smalø t-structure to the case when the ambient category G = Mod-A is a
category of modules over a preadditive category A.
In the following corollary we study the heart Ht associated with a cotilting torsion pair t in
Mod-A. Recall that Mod-A is locally coherent if, and only if, the additive closure Aˆ has pseudo-
kernels (see [37, Coro. 1.5]).
Corollary 6.8. Let A be a small preadditive category and let t = (T ,F) be a torsion pair of finite
type such that F is a generating class in Mod-A. Consider the following assertions:
(1) Ht is locally coherent;
(2) any F ∈ F0 admits an epimorphism p :
∐n
i=1A(−, ai) ։ F , for some (a1, . . . , an) ∈ Ob(A)
n,
whose kernel is again in F0;
(3) the torsion pair t restricts to mod-A := fp(Mod-A).
Then, the implications (1)⇔(2)⇒(3) hold true. When the additive closure Aˆ has pseudo-kernels
(e.g., when A = R is a right coherent ring), all assertions are equivalent.
Proof. (1)⇔(2)⇒(3). Note that S := {A(−, a) : a ∈ Ob(A)} is a set of finitely presented generators
of Mod-A that satisfies condition (3.1) of Thm. 6.7. Furthermore, by Schanuel’s Lemma, S satisfies
condition (3.2) of Thm. 6.7 if, and only if, assertion (2) holds. Then the implications “(1)⇔ (2)⇒(3)”
are a direct consequence of that theorem.
(3)⇒(2) when Aˆ has pseudo-kernels. Note that the A-module (1 : t)(X) is finitely presented, for each
X ∈ mod-A. It follows that F0 ⊆ F ∩mod-A, so that the equality F0 = F ∩mod-A holds. Then,
assertion (2) follows immediately by the local coherence of Mod-A and the fact that A(−, a) ∈ F ,
for all a ∈ Ob(A) and F is closed under taking submodules. 
We refer the reader to [37, Sec. 2.1] for the definition of the (two-sided) ideal t(A) of the preadditive
category A defined by a torsion pair (T ,F) in Mod-A. In our next result fp∞(Mod-A¯) denotes the
full subcategory of Mod-A¯ consisting of those A¯-modules that admit a projective resolution with
finitely generated terms. These modules are sometimes called strongly finitely presented in the
literature.
Corollary 6.9. Let A be a small preadditive category, let t = (T ,F) be a torsion pair of finite type
in Mod-A and consider the torsion pair t′ = (T ∩Mod-A¯,F) induced in Mod-A¯, where A¯ := A/t(A).
If the heart Ht of t is locally coherent, then the following conditions hold:
(1) F [1] ∩ fp(Ht′) = F [1] ∩ fp(Ht) = (F ∩mod-A¯)[1] = (F ∩ fp∞(Mod-A¯)[1];
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(2) T [0] ∩ fp(Ht′ ) = (T ∩ fp∞(Mod-A¯))[0].
Proof. (1). The inclusions F ∩ fp∞(Mod-A¯) ⊆ F ∩modA¯ ⊆ F0 are always true, where Mod-A¯ :=
fp(Mod-A¯). Furthermore, assertion (2) of Coro. 6.8, applied to t′, tells us that F0 ⊆ fp∞(Mod-A¯).
(2). If T [0] ∈ fp(Ht′) then T ∈ mod-A¯ (see Coro. 4.1). We then fix an exact sequence
0→ F −→ (1 : t)(P ) −→ T → 0
in Mod-A¯, which induces the exact sequence 0 → T [0] → F [1] → (1 : t)(P )[1] → 0 in Ht′ , where
the outer nonzero terms belong in fp(Ht′). It follows that F [1] ∈ fp(Ht′) which, by assertion (1),
implies that F ∈ F ∩ fp∞(Mod-A¯). We then have that T ∈ T ∩ fp∞(Mod-A¯). On the other hand,
if T ∈ T ∩ fp∞(Mod-A¯) then T [0] ∈ fp(Ht′) (see Coro. 4.5). 
In the rest of this subsection we are going to deal with the notions of pure exact sequences, pure
monomorphisms and pure epimorphisms in a category of modules Mod-A. For these notions, we
refer to [14] and [39]. An analogous theory of purity exists in compactly generated triangulated
categories, for the notions of pure exact triangle, pure monomorphisms and pure epimorphisms in
the derived category D(Mod-A) of a category of modules we refer to [39].
Let us also recall that, given a locally finitely presented Grothendieck category G, a subcategory
Y ⊆ G is said to be definable when it is closed under taking pure subobjects, products and direct
limits. When Y is a pure-injective object of G, we shall denote by
Cogen∗(Y ) := {pure subobjects of objects in Prod(Y )}
the subcategory of G consisting of the objects isomorphic to pure subobjects of products of copies
of Y . The crucial concept for us in this subsection is the following:
Definition 6.10. A pure-injective object Y of G is called an elementary cogenerator when the
subcategory Cogen∗(Y ) is definable.
Note that, a pure-injective object Y of G is an elementary cogenerator if and only if Cogen∗(Y )
is closed under direct limits. In fact, Cogen∗(Y ) is always closed under pure subobjects, while one
can show that it is closed under products using the fact that, even if products may fail to be exact
in G, a product of pure monomorphisms is always a pure monomorphism (for this use that products
are exact in the category Mod-(fp(G))).
Lemma 6.11. Let A be a preadditive category and I be a (two-sided) ideal of A, and view Mod-A¯
as a full subcategory of Mod-A in the obvious way, where A¯ := A/I. Let Y and Y be, respectively,
a subcategory and an object of Mod-A¯. The following assertions hold:
(1) Y is definable in Mod-A¯ if and only if it is definable in Mod-A;
(2) Y is pure-injective (resp., an elementary cogenerator) in Mod-A¯ if and only if it is so in Mod-A.
Proof. Since Mod-A¯ is closed under taking subobjects, quotients, coproducts and products in
Mod-A, it follows that it is also closed under taking direct limits and so the pure submodules
of products of copies of a given A¯-module are the same in Mod-A¯ and Mod-A. Assertion (1) is then
clear. Furthermore, the part of assertion (2) regarding pure-injectivity follows similarly, while for
the part regarding elementary cogenerator, it is enough to use the above observation that Cogen∗(Y )
is definable if and only if it is closed under direct limits. 
A definable class in D(A) is defined as a subclass X ⊆ D(A) that is closed under taking
products, directed homotopy colimits and pure subobjects. Definable classes in D(A) have been
recently characterized in [26] as those classes which are closed under taking direct products, pure
subobjects and pure quotients.
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Definition 6.12. A pure-injective object Y in D(A) is said to be an elementary cogenerator
when the smallest definable subcategory of D(A) which contains Y coincides with the following class
Cogen∗
D(A)(Y ) := {X ∈ D(A) : X admits a pure mono into X
′ for some X ′ ∈ Prod(Y )}
In fact, this is equivalent to say that Cogen∗
D(A)(Y ) is closed under taking directed homotopy
colimits. For these notions we refer to [25].
Example 6.13. Let A be a small preadditive category. Then the class Mod-A ⊆ D(A) (viewing
modules as complexes concentrated in degree 0) is definable in D(A) since
Mod-A =
⋂
a∈Ob(A), n6=0
Ker(D(A)(Ha[n],−))
so [25, Thm. 3.11] applies. By the results in [25, Sec. 5], one can show that a cotilting module X
in Mod-A is an elementary cogenerator in Mod-A if and only if it is an elementary cogenerator in
D(A) (if A = R is a ring, then this is [25, Ex. 5.13]).
Lemma 6.14. Let A be a small preadditive category, let t = (T ,F) be a torsion pair in Mod-A,
and consider the torsion pair t′ := (T ∩Mod-A¯,F) induced in Mod-A¯, where A¯ := A/t(A). The
following assertions are equivalent:
(1) Ht′ is a locally coherent Grothendieck category;
(2) t is a cosilting torsion pair induced by a cosilting A-module which is an elementary cogenerator.
When Ht is a locally coherent Grothendieck category, both conditions hold.
Proof. Under either of the conditions (1) or (2), the torsion pair t′ is of finite type in Mod-A¯ and
F is a generating class in this category. Then, by [33, Prop. 5.7], we know that there is a cotilting,
whence pure-injective, A¯-module Q such that F = Ker(Ext1Mod-A¯(−, Q)). The argument of [25,
Ex. 5.13] is easily adapted to our situation, and then implies that Q is an elementary cogenerator of
Mod-A¯ if, and only if, it is an elementary cogenerator of D(Mod-A¯).
(1)⇔(2). Note that Q is a quasi-cotilting A-module which defines the torsion pair t. Then, up
to Prod-equivalence, we can assume that Q is a cosilting A-module, see Coro. 3.2. Moreover, by
the previous paragraph and [25, Thm. 5.12], we know that assertion (1) holds if, and only if, Q is
an elementary cogenerator in Mod-A¯. But, by last Lem. 6.11, this happens if and only if Q is an
elementary cogenerator of Mod-A.
If Ht is a locally coherent Grothendieck category, then Thm. 6.2 (3) holds, for S := {A(−, a) :
a ∈ Ob(A)}. Then, t′ satisfies assertion (2) of Thm. 6.7 for the set X := {A¯(−, a) : a ∈ Ob(A)} of
finitely presented generators of Mod-A¯. Since condition (‡) of Thm. 5.1 holds for Mod-A¯ and t′, we
conclude that Ht′ is locally coherent. 
The following question was communicated to us by Rosanna Laking:
Question 6.15 (R. Laking). Let t by a torsion pair Mod-A such that Ht is a locally coherent
Grothendieck category. Is it the torsion pair associated to a 2-term cosilting complex E (see Thm. 3.1)
which is an elementary cogenerator of D(Mod-A)?
In the rest of this subsection we give a partial answer to the above question.
Definition 6.16. Let I be an ideal of the preadditive category A and let M be an A-module. The
annihilator of I in M , denoted by annM (I), is the A-submodule of M acting on objects as follows:
(annM (I))(a) :=
⋂
b∈Ob(A),α∈I(b,a)
Ker(M(α)).
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It is routine to check that the assignmentM  annM (I) is the definition on objects of an additive
functor
ann(−)(I) : Mod-A −→ Mod-
A
I
,
and hence also Mod-A −→ Mod-A. Actually, if πI : A → A¯ := A/I is the obvious projection, then
ann(−)(I) is the right adjoint to the restriction of scalars (πI)∗ : Mod-A¯ → Mod-A.
It is clear that, when A = R is a ring viewed as a pre-additie category with just one object, I is
an ideal of R and M is an R-module, then we reobtain the classical description of the annihilator
annM (I) = {x ∈M : xI = 0}.
Proposition 6.17. Let A be a preadditive category, let t = (T ,F) be a torsion pair and let t′ =
(T ∩Mod-A¯,F) be the induced torsion pair in Mod-A¯, where A := A/t(A). Consider the following
assertions:
(1) the heart Ht is a locally coherent Grothendieck category;
(2) the following conditions hold:
(2.1) t is generated by finitely presented modules;
(2.2) t is associated to a cosilting A-module Q which is an elementary cogenerator in Mod-A;
(2.3) the functor ann(−)(t(A) : Mod-A → Mod-A preserves direct limits of object in T .
The implication (1)⇒(2) holds true. When the additive closure Aˆ has pseudo-kernels (i.e., Mod-A
is locally coherent) and the canonical morphism
lim
−→
Ext2Mod-A((1 : t)(A(−, a)), Qλ) −→ Ext
2
Mod-A((1 : t)(A(−, a)), lim−→
Qλ)
is a monomorphism, for each a ∈ Ob(A) and all direct systems in Prod(Q), then the two assertions
are equivalent.
Proof. For each a ∈ Ob(A) and each A-module M , the canonical projection
p : A(−, a)։
A(−, a)
t(A(−, a))
∼=
A(−, a)
t(A)(−, a)
induces a the following monomorphism in Ab:
p∗ : (Mod-A)
(
A(−, a)
t(A)(−, a)
,M
)
−→ (Mod-A) (A(−, a),M) ∼=M(a).
It is easy to see that Im(p∗) = (annM (t(A)))(a). Therefore, condition (2.3) above is equivalent to
say that, for each a ∈ Ob(A), the functor (Mod-A)[(1 : t)(A(−, a)),−] : Mod-A → Ab preserves
direct limits of objects of T .
(1)⇒(2).
Condition (3.3) in Thm. 6.2 holds for S := {A(−, a) : a ∈ A}, which, by last paragraph, implies
that condition (2.3) holds. On the other hand, by Thm. 5.1, we know that condition (2.1) holds,
and, by Lem. 6.14, we also get condition (2.2).
(2)⇒(1) assuming the extra hypothesis. We just need to check conditions (3.1)–(3.3) of the Thm. 6.2
for S := {A(−, a) : a ∈ Ob(A)}. Note that Thm. 6.2(3.3) is just (2.3) in the statement, by the initial
paragraph of this proof. By Lem. 6.14, we know that Ht′ is locally coherent, and then conditions
Thm. 6.2(3.1)-(3.2) hold, because they correspond to conditions (2.1) and (2.2) of Thm. 6.7. 
Corollary 6.18. Let A be a preadditive category whose additive closure Aˆ has pseudo-kernels and
let t = (T ,F) be a torsion pair in Mod-A such that t(A(−, a)) is a finitely generated A-module, for
all a ∈ Ob(A) (e.g., a right coherent ring R such that t(R) is a finitely generated right ideal). The
following assertions are equivalent:
(1) the heart Ht is a locally coherent Grothendieck category;
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(2) t is generated by finitely presented modules and t = (⊥Q,Cogen(Q)), for some cosilting A-module
Q which is an elementary cogenerator in Mod-A.
Proof. Condition (2.3) of last Prop.6.17 is clear (see first paragraph of the proof of Prop. 6.17).
Moreover, dimension shifting gives that Ext2Mod-A(A¯(−, a),−)
∼= Ext1Mod-A(t(A(−, a)),−), and this
last functor preserves direct limits due to the local coherence of Mod-A. Note that t(A(−, a)) is
actually finitely presented. Then the implication “(2)⇒(1)” of Prop. 6.17 holds. 
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